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9.5 Determinants:

The Determinant of a Matrix:

The determinant of a matrix is a scalar (number), obtained from the
elements of a matrix by specified, operations, which is characteristic of the
matrix. The determinants are defined only for square matrices. It is
denoted by det A or |A| for a square matrix A.

The determinant of the (2 x 2) matrix

a a
A= { 11 12}
dop A9

a a
is given by det A = |A| = H 12

71 dp
= aj] a2 — a2 421

3 1
Example3: IfA= find |A|

-2 3
Solution:

1
=9 (2)=9+2=11
5 3 (-2)

The determinant of the (3 x 3) matrix

Al =

app Ay A3 a1p a1 Aps
A=la45 85 Ay [.denotedby|Al=la,; a5, asy

d3p d3p d33 d3p A3y daj
is given as, det A =|A|
822 43 dy1 do3 dy; dn
=aj —ajp +ays
d3p  Aszg A3 ds3 a3 as

= a11(azas3 — a23a32) — A12(221833 — a23331) + A13(A21832 — 222a31)
Note: Each determinant in the sum (In the R.H.S) is the determinant of a
submatrix of A obtained by deleting a particular row and column of A.




Chapter 9 234 Matrices and Determinants

These determinants are called minors. We take the sign + or —, according
to (—1)" a

Where 1 and j represent row and column.

9.6 Minor and Cofactor of Element:

The minor M;; of the element a; in a given determinant is the
determinant of order (n — 1 x n — 1) obtained by deleting the ith row and
Jth column of Apxy.

For example in the determinant

dyp 412 dg3
A = |8y Boy  Boggls comen cvmenson coven (D)

d37 43y dsj

_ ; dy9 dAn3
The minor of the element a;; is M;; =
43 d33
, ) dy)  dp3
The minor of the element a;5 is M, =
431 a3
. : 471 ap
The minor of the element a3 is M3 = and so on.
431 A3p

The scalars C;; = (-1)1+J M;j are called the cofactor of the element ay;
of the matrix A.
Note: The value of the determinant in equation (1) can also be found by

its minor elements or cofactors, as

anMi —a2Miz + a;3Mi; Or anCr + a12Ci2 + a13C3

Hence the det A is the sum of the elements of any row or column
multiplied by their corresponding cofactors.

The value of the determinant can be found by expanding it from
any row or column.

3 2 1
Example 4: IfA=|0 1 -2
1 3 4

find det A by expansion about (a) the first row (b) the first column.
Solution (a)

Al =

—_— O W

W o= N
|
()
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1 -2 0 -2 0 1
= -2 +1
3 4 1 4 1 3
=34+6)-2(0+2)+1(0-1)
=30-4-1
|A| =125
1 -2 2 1 01
(b) |A| =3 -0 +1
3 4 3 4 |1 3
=3M4+6)+1(4-1)
=30-5
|A = 25

9.7 Properties of the Determinant:
The following properties of determinants are frequently useful in
their evaluation:
1. Interchanging the corresponding rows and columns of a
determinant does not change its value (i.e., |A| = |A’|). For
example, consider a determinant

a; by ¢
|A| =l By | ss e wen (1)
a; by ¢

= al(b203 — b3Cg) — bl(a203 — a302)+ ] (agbg — agbg) (2)
Now again consider

a; 45 dj3
B =|b; b, by
€1 C €4

Expand it by first column
|B‘ = al(b203 — b302) — b1(21203 — a302) + 01(a2b3 — a3b2)
which is same as equation (2)

a; b ¢
) B/=la, b, ¢,

a3 by ¢
or IB| = |A]

2. If two rows or two columns of a determinant are interchanged, the
sign of the determinant is changed but its absolute value is
unchanged.

For example if
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a; b ¢
|A = a, by ©y
a3 by ¢
Consider the determinant,
a, by, ¢
B = a, b ¢
a3 by ¢

expand by second row,
B = —a1(bycs — bscy) + by(aze; — azey) — c1(azbs — asby)
= f(al(b203 — b3Cg) - (21203 = a302) + Cl(agbg = agbg))
The term in the bracket is same as the equation (2)

a; b ¢
a3 by ¢

Or B =—[A
3. If every element of a row or column of a determinant is zero, the
value of the determinant is zero. For example

0O 0 0
|A = a, by ©y
a; by ¢
= O(b203 — b3Cg) 70(a203 = agcg) +O(a2b3 — a3b3)
Al = 0

4. If two rows or columns of a determinant are identical, the value of
the determinant is zero. For example, if

a; b ¢
|A = a, b ¢
a; by ¢

= al(b103 — b301) = b1(3103 — a301) + 01(a1b3 — a3b1)
= aibjcs — ajbzc; — aybics + azbicr + ajbac; — asbic
|A| = 0
5. If every element of a row or column of a determinant is multiplied
by the same constant K, the value of the determinant is multiplied
by that constant. For example if,
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a, b ¢
|A = a, by ©y
a; by ¢

ka; kb; ke

Consider a determinant, [B/=|a, b, ¢,
a3 by ¢

|B‘ = ka1 (b203 — b3C3) — kbl(a203 — 3302) + kcl(a2b3 — a3b2)
= k(al(b203 — b3C3) - b1(&203 — 3302) + Cl(azb3 = a3b2))

a; b ¢
So B =kla, by ¢4

a; by ¢
o B = KA

6. The value of a determinant is not changed if each element of any
row or of any column is added to (or subtracted from) a constant
multiple of the corresponding element of another row or column.
For example, if

a, b ¢
|A| = a, b, ¢,
a; by ¢

Consider a matrix,
a; +ka, b;+kb, c¢;t+kec,

B = a, b, Cy

a3 by C3

= (a;tkag)(bacy—bsea)—(by+kba)(azes—azea) (e tkey )azbs—asby)
= [al(b203 = b302) —bl(a203 = 21302) +cl(a2b3 = a3b2)]

= [kag(b203 = bgcg) fkbg(agth — agcg) +kCg(agb3 = agbg)]

a; by ¢ a, by ¢
=la, b, ¢, tkla, b, ¢,

a; by ¢ a; by ¢
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a, by ¢
=la, b, ¢,| +k(0)because row 1st and 2nd are identical
a3 by ¢
B = A
7. The determinant of a diagonal matrix is equal to the product of its
diagonal elements. For example, if

2 0 0
Al =0 =5 0
0 0 3

=2(-15-0)-(0-0)+0(0-0)
= 30, which is the product of diagonal elements.
i.e., 2(-5)3 =-30
8. The determinant of the product of two matrices is equal to the
product of the determinants of the two matrices, that is |[AB| =
|A||BJ. for example, if

a a b b
11 a2 11 Dy
A= ; =
dy;  dAp by, by
a,,b;; +a;,b a,,by +a:,b
11011 T @52D9; 899Dy + 84,09
Then AB =
ay by tasbyy  ay by tasnby,

|JAB| = (anbi + ai2ba1)(a21b12 + aznbas)
- (a;1b1z + annbaz —ayibaz)(aziby + axnbay)
= apibiy azibiz + anbiy aznbas + ajzbrnanbia
+ajsbsy aysbys - agybya agibyy - apibyz axnby
- ajobyz azibyg - ajaba axgby

|AB| = aiibi1 azboa + ajabar axibis - aybis azsbag

- 312b22 321b11 ....................... (A)
and  |A] = apa; - 41241
B = byibaz - bisbn
|A| [B| =ayiby; asbyy + ajsbyy az bys - agbyy aza by

- algbgg az b11 ...................... (B)
R.H.S of equations (A) and (B) are equal, so

|AB| = A] B

9. The determinant in which each element in any row, or column,
consists of two terms, then the determinant can be expressed as the
sum of two other determinants
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aj+a; by ¢ a; b ¢ oy by ¢
ar+a, by, cy|=la, by o]ty by ¢y
a;+ay by oy a; by ¢4 o3 by
Expand by first column.
Proof:
LLHS = (a1+05 1)(b203—b302)—(32+05 2)(b103—b301)+(a3+05 3)(b102 — bZCl)
= [(al(b203—b302)—a2(b103—b301 )+a3(b102 —bagy )]
+ [( e 1(bacs—bsca)— & 2(brea—bser)+ e 3(bics —bacy)]
a; by ¢ a b ¢

=la, by ¢t la, b,

le]

2)
a; by ¢ a; by ¢
R.H.S

Similarly

a+a; b+p ¢ a; b ¢ a P oo
ay+a; by+Py eyl =fay by ey tlay Py ey
ay+ay by+Ps csf Jag by oo fas Py ooy
a by ¢ a B¢

+lo; by es|+lay By o

a3 by ¢ a; Py o

at+a bi+P ety

And, a,+a, by+B, cy+y,
az+ay by+Py o3+,
a; by ¢ a P n

=la, b, c¢,|+sumofsixdeterminant + |&y, P, 75
a3 by ¢ a; Bz 3
aj+eg bi+P e+ |ap by o Bon
Also | a, b, ¢y |=las by es*lay By %

as b, C3 ay by ¢ |a3 Py 3
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labclaaz

Example 5: Verifythat [I b ca|=|l b b’

1 ¢ abl | ¢ ¢&?

Solution:
Multiply row first, second and third by a, b and ¢ respectively, in
the I..H.S., then

a a’ abc

LLHS :ib b? abc

abc )
¢ ¢ abc

Take abc common from 3rd column
2

a a° 1

— @ b b 1
abc

c ¢ 1

Interchange column first and third
2

1 a a
=—|t b* b
1 ¢ ¢

Again interchange column second and third
2

1 a a

-1 b b
1 ¢ ¢
=R.H.S

Example 6: Show that

1 a a’

1 b b= -c)c_a)@a b

1 ¢ ¢?
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Solution:
1 a a’
LIS = 1 b b’
1 ¢ ¢

subtracting row first from second and third row

1 a a’

0 b—a b’-a’
0 c—a c’—a’

from row second and third taking (b — a) and (¢ — a) common.

1 a a’
=(Mb-a)c—-a)|0 1 bta
0 1 cta

expand from first column
=(b—-a)c—a)c+a—b—a)
=(b—a)c—a)c—b)

Or LIS =(b-c)c—a)a-b)(-1)-1)
=(b-c)c—a)a—b)=R.H.S
Example 7: Without expansion, show that
6 1 3 2
-2 0 1 4
3 6 1 2
-4 0 2 8
Solution:
In the I..H.S Taking 2 common from fourth row, so
6 1 3 2
-2 0 1 4
LHS=2
3 6 1 2
-2 0 1 4
Since rows 2nd and 3rd are identical, so
=2(0)=0
LHS = RHS
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9.8 Solution of Linear Equations by Determinants:
(Cramer’s Rule)
Consider a system of linear equations in two variables x and vy,
a1X+b1y:cl (1)
aX +byy = ¢ (2)
Multiply equation (1) by b2 and equation (2) by b; and subtracting,
we get
x(ajby —asb;) = byey — by,

_ bye —byey 3
—— (3)
ajb; —asb,
Again multiply eq. (1) by a; and eq. (2) by a; and subtracting, we
get
y(azbl - albg) = dC1 — A1C2
y= 456 416,
8165 —85C
y = %2 740 4)
a,b, —asb,

Note that x and y from equations (3) and (4) has the same
denominator ajb, — asb;. So the system of equations (1) and (2) has
solution only when a;bs — asb; #0.

The solutions for x and v of the system of equations (1) and (2) can
be written directly in terms of determinants without any algebraic
operations, as

“ 9 dj, %
. %2 B P S

X = and y =

a b a b

a; by a; by
This result is called Cramer’s Rule.
Here e |Al is the determinant of the coefficient of x and y

dz Dy
in equations (1) and (2)
¢, b

If S N

¢, b,
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and |0 =4
3 S
A
Then x = M and y = —y|
A Al

Solution for a system of Linear Fquations in Three Variables:

Consider the linear equations:
ax+byyteoz=d
X +byy t ez =dy
azX +bsy t ez =ds
Hence the determinant of coefficients is
a; b ¢

Al=la, b, o, if|A| £0
2 2 2

a3 by ¢y
Then by Cramer’s Rule the value of variables is:
d b ¢
dy by ¢
- dy by ¢ |Ax|
Al Al
a; 4 ¢
a; dy ¢
g5 a; dy ¢ _ |Ay|
Al Al
a, b d
ay by, dy
and z-= 33 by ds = |AZ|
A Al
Example 8: Use Cramer’s rule to solve the system
—4x+2y—-9z2=2
3x+4y+z=75
Xx—3y+2z=8

Solution:
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Here the determinant of the coefficients 1s:

4 2 -9
Al =3 4 1
1 -3 2
= 48+3)-26-1)-9-9—4)
= 44 10+117
Al =63

for |Ay|, replacing the first column of |A| with the corresponding
constants 2, 5 and 8, we have

z 2 -9

5 4 1

8 -3 2
2(11)-2(2)-9(-47)=22 -4+ 423

Ayl

Ay = 441

Similarly,

-4 2 -9
3 5 1
1 8 2

=—4(2)-2(5)-9(19)
-8-10-171

|Ayl

|14y = -189 |
and

-4 2 2
3 4 5
1 -3 8

= 4(47) - 2(19) + 2(-13)
=188 -~ 3826

A

A = —252
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AL 441
Hence x= =—=17
A[ 63
_ M B -189 _ 3
|a| 63
A 63

Q.1

So the solution set of the system 1s {(7, -3, —4)}

Exercise 9.2

Expand the determinants

)

(111)

Q.2

)

(iii)

V)

1 2 0
3 -1 4
2 1 3
x 0 0
0 x 0
0 0 x

2 1 0
3 4 1]=0
-4 2 0

a-b  b-¢

b-c c-a

c-a
a-b
b-¢

c-a a-b

x+1 x+2
x+4 x+5
x+7 x+8

(i)

Without expansion, verify that

(i)

=0 @v)

x+3
X+6/=0
x+9

o0
- o o
—

o o 2=

LI T

(SRR
I

= o =

)

bec ca ab

G|~




Chapter 9 246 Matrices and Determinants
a b ¢ e b h
(vi) d e fij=|d a g
g h kl |f ¢ k
Q.3  Show that
a, a, a4 a; a, ay a, a, ay
b, b, b; [= x|[bp by, byl + by b, b
cixtd; cyxtd, cyxtd, ¢, C ¢ |dy dy dj
Q.4  Show that
0O a b a b C
() -a 0 ¢[=0 (i1) a atb atbtc | =a’
-b —¢ 0 a Z2atb 3atZb+c
a-b-¢c  2a 2a
i) |2b bca 2b|l=(a+b+c)
2c 2¢  c-a-b
1 1 1
(iv) bc ca ab|=(b-c)c—a)a-b)
bt¢ c¢ta atb
Q.5  Show that:
f a a
(i) a ¢ al=a+r0(l-a)?
a a f
a+/t a a
(ii) a a+f a |=f@Ga+0)
a a a+/{
Q.6 prove that:
a bte a+bh
(1) b c+a b+c|=2a+ b +c*-3abe
g a+b ct+a
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a+ A b c

(ii) a b+ A4 c |=M@+b+c+ )
a b c+A
Sine  Cos « 0

(iii) -Sinf# Cos B Siny|=Sin(a++y)
Cosf# Sinfi Cosy
Q.7 Find values of x if

3 1 3 1 £ 1

W -1 3 4|=-3D gy |2 x 2]=0
x 1 0 2 B X

Q.8 Use Cramer’s rule to solve the following system of equations.

(1) Xx—y=2 (i1) Ix—4y=-2
X+4y=3 xty=6

(i) x-2y+z=-1 (iv) 2x+2y+z=1
3Ix+y-2z=4 Xx—-y+6z=21
y—z=1 3Ix+2y—-z=-+4

(v) x+tytz=0 (vi)y x—-2y-—-27=3
2x-y—-4z=15 2x—4dy+4z=1
X-2y—-z=17 3x-3y-3z=4

Answers 9.2

Q.1 (i) -41 i) 0 (i) x°
Q7 (@) x=-2.3 (ii) x = 3.4
Qs () (9 3] @ = 2]
' 5°5 79
(i) {(1, 1,00 (iv)  {(1,-2,3)

"
f"l‘\ e,
UJIH

|
(2] (5]
-F~|U|

-

I
WII
I
M e’

v {G.-1.-2) (vi)
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