Chapter 8 205 Vectors and Scalars

Remarks:

i.  The scalar product of two vectors is also called the dot product
because the “.” used to indicate this kind of multiplication.
Sometimes it is also called the inner product.

ii.  The secalar product of two non-zero vectors is zero if and only if
they are at right angles to each other. For a . b = 0 implies that
Cos 0= 0, which is the condition of perpendicularity of two
vectors.

Deductions:
From the definition (1) we deduct the following:

i, If a and b have the same direction, then
0=0"=Cos0°=1

a b= ol f

b=
. If ; and b have opposite directions, then
0=n = cosn=-1

T B[

i a.b will be positive if 0 < 0 <

ra | E

and negative if,

iv The dot product of ‘a and b is
equal to the product of magmtude of

a and the projection of bon a.
This illustrate the geometrical

meaning of ‘a . b .Inthe fig.
15| b |Cos€' 1s the projection of

a i
<————‘ b ‘cos 0—»

bon a. )
v From the equatlon (1) Fig. 13
b .
= |;l| |B|C0s8
b.a=a.b

Hence the dot product is commutative.
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Corollary 1:

If abea vector, then the scalar product a . a canbe expressed
with the help of equation (1) as follows:

2@ ~[a|[a]cos 0 - [a]"
B [a|=e VBB o v s e v s @)
This relation gives us the magnitude of a vector in terms of dot
product. 7
Corollary 2: 4
If 1, j and k are the unit vectors in the
directions of X—, Y— and 7Z— axes, then k
from eq. (2)
2
i“=1i=[1] | Cos0®
: | | | | 90 90 ]
1 = .
- 2= 2= i/ 90
and i.j=j.i=0 Because Cos90°
_0 1= X Fig. 16
i.k=k.1=0
k.i=1.k=0

Corollary 3:

( Analytical expressionof a . b )

Scalar product of two wvectors in terms of their rectangular
components.
For the two vectors

a :a1i+a7j + azk
and b :b1i+b2i + bsk
the dot product is given as,
a.b =(aji+ag+ask).(byi+ by +bsk)
=aib; + by Fasbyas it =j =k’ =1
and i.j=7j.k=k.1=0

Also a and b are perpendicular if and only if ajb; + azb; + azb3=0
Example 6:

If a=31+4-k b=-2i+3j+kfind a.b
Solution:

a.b =Gi+4 k). (2i+3j+k)
= 6+12-1
=5
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Example 7:
For what values of A4, the vectors 2i —j + 2k and 3i + 21 are
perpendicular?
Solution:
Let a=2i-j+2k and b =3i+2A4j
Since a and b are perpendicular,
So a.b-=
(21 -j+2k).Bi+24A)=0
6-21=0
Or A =3

Example 8:

Find the angle between the vectors ‘a and b , where

a=i+t2j-kand b =—i+j-2k.
Solution:

As a. b= |?||?| Cos 0

Therefore COS@Z_{“;b,?j=—1+2+2:3
B
|?|=J1+4+ = 6, |?|=Jl+1+4=J€
Cos 0= S
V66
Cos 0= 3=l
G 2
0= Cos ™ 1 = 60°
2

Example 9:

Consider the points A, B, C, D where coordinates are respectively

(1,1, 0),(=1,1,0), (1, =1, 0), (0, —1, 1). Find the direction
cosines of AC and BD and calculate the angle between them.
Solution:

Now we have A(1, 1, 0), B(—1, 1, 0), C(1, —1, 0), D(0, —1, 1)
a =AC=(-Di+(-1-Dj +(O0-0k= —2]

AC _2j _
lac] 2

The direction cosines of AC are (), —1, 0

Unit vector along AC =

Now
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b=BD=(0+1i+(-1-1] +(1-0k=i-2j +k
BD -2tk i-2it+k
UnitvectoralongBD=—=¥=¥
[BD| Jfi+4+1 s
The direction cosines of BD are:
1 -2 1
J6 6 "6
Let, Bte the aﬂgle between AC and BD then:
a.b AC.BD

Cog = == = —=—=
la| |b] |AC| |BD |

_ (C2pG-2j+)

26

_ () 2

o6 6

g= Cos ™! [i]
J6
Example 10:

show thatif |a+b|=|a—b|then a and b are perpendicular.
Solution:

“We have |a+b|2= la— b

la+b = |a — b tallr_ing souare.

2’ +b?+2ab=2a"+b" - 2ab

dab=0orab=10

Hence a and b are perpendicular.

2. Vector Product:
If a and b are non-zero wectors and®is the angle between
a and b., then the vector product of a and b., denoted by a = b.,
is the vector ¢ which is perpendicular to the plane determined by 3 and

b Ttis defined by the relation,
c= axh= U a'” b ‘Sin B)n
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Where |E”F|Sin O1s the magnitude of ¢ and nis the Unit

Vector in the direction of ¢ . The direction of ¢ is determined by the
right hand rule.
The vector product is also called the ‘cross product’ or “Outer

product’ of the vectors.
A

~

n

Fig. 17 Fig. 18

Remarks:

If we consider b x a , then b x a would be a vector which is
opposite in the directionto a x b .

Hence ax b=—b x a

Which givesthat a x b # b x a  in general

Hence the vector product is not commutative.
Deductions:

The following results may be derived from the definition.

i.  The vector product of two non-zero vectors is zero if ‘a and
b are parallel, the angle between a and b is zero. Sin 0° = 0,

Hence a xb =0.

For a x b = 0 implies that SinO= 0 which is the condition of

parallelism of two vectors. In particular axa =0. Hence for the
unit vectors 1, j and k, k
ixi=jxj=kxk=0
ii. If aand b are perpendicular vectors,
then a x b is a vector whose magnitude
is |?||F| and whose direction is such that

the vectors a, b, a x b form a right-handed
system of three mutually perpendicular i

Fig. 19
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iil.

v,

8.13

vectors. In particular i x j = (1) (1) Sin 90° k (k being perpendicular
totand )=k

Similarlyjxi1= -k, ixk=—). kxj=—1

Hence the cross product of two consecutive unit vectors is the third
unit vector with the plus or minus sign according as the order of
the product is anti-clockwise or clockwise respectively.

Since [a x F| = |?||F|Sin ... (2)
Which is the area of the parallelogram whose two adjacent sides
are |?|and |?|
Hence, area of parallelogram OABC = |E X ?|
[ — —
and area of triangle OAB = 5| axb |
If th vertices of a parallelogram are given, then
area of parallelogram OABC = |m X @|
s =
and, area of triangle OAB = 5|OA X OB|

If n is the unit vector in the directions of ¢ = a x b then

¢ _axh ]

|c| - |axb|

- axb ="
I 1.

|a||b|Sin 0
from equation (2) we also find. 5 b B
Sin - a x F‘ 0

Tl . i
A
_— Fig. 20

Rectangular form of a x b
(Analytical expressionof a x b )

If a =aji+aj+ak
and b =byi + byj + bsk
then a X b = (aji + ayj +ask) x (byi + byj + bsk)
= (albgk o= a1b3j —asbik + a2b3j e a3b1j — a3b7j)
= (a2b3 — a3b2)i — (a1b3 = a3b1)j + (a1b2 — azbl)k
This result can be expressed in determinant form as
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1]k
ax b= a; a, ay
b, b, b;
Example 11:
If a =2i+3j+4k b =1 j+k Find
@ axb
(ii) Sine of the angle between these vectors.

(iii)  Unit vector perpendicular to each vector.
Solution:
1 ] k
i axb=2 3 4
1 -1 1
a x b=i3+4)—j2 - H+k(-2 - 3)
=7i+2j -5k

axb 72 422 4 (=5)°
(ii) Sinf = __|= J ()
[a|b] V22432442 241240
I
J2943
Sin 6= i
29
(iii)y  If nis the unit vector perpendicular to ‘a and b then

axb 7i+2j-5k

" Taxe| VB
Example 12:
a =3i+2k , b =4i+4j-2k
¢ =i 2j+3k , d =2 j+5k
Compute(?x ?)(? —F)
Solution:
1 ] k
dx ¢ ~18 -1 §
1 2 3

=i(3+10) j(6 S)yk(4+1)
=7ij 3k
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Also a — b=-i-4j+4k
Hence (d x ¢ ).(a — b )=(7i—j-3k).(+ -4 +4k)
— 7+4-12
=-15
Example 13:

Find the area of the parallelogram with adjacent sides,
a=i—j+tkand b =2j -3k

Solution:
i j ok
axb =11 -1 1
0 2 -3
=13-2)4(-3-0)+ k(2 +0)
=1+3j+2k

Area of parallelogram=| a x b | = 1 +9+ 4

= /14 square unit.

Example 14:
Find the area of the triangle whose vertices are
A(0,0,0), B(1, 1, 1)and C(0, 2, 3)

Solution:

— 02, 2,2
Since AB  =(1-0,1-0,1-0) B (£ %3)
=(1, L1 b

and AC =(0-0,2-0,3-0)
AC  =(0,2,3)
o L]k A0,0,0) 5 B(1, 1, 1)
ABxAC =01 1 1 Fig. 21
0 2 3 '
= i(3-2)—j (3 — 0) +k(2 — 0)
=1-3]+2k

Area of the triangle ABC = % |EXE \ = \/12 +(—3)2 22

1
2

V14 ;
= ——square unit

2
Example 15:
Prove by the use of cross-product that the points
A(5.2, =3),B(6,1,4), C(—2, —3,6)and D(—3, —2, —1) are the
vertices of a parallelogram.
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Solution:
Since AB=(1,-1,7) A

DC =(+1, =1, +7) A
BC =(-8, —4,2) _ B
and AD =(-8, —4,2) Da
i j k C
ABxDC =[1 -1 7
1 -1 7
=i(=T=7) —j(+7=T)+k(1 = 1)
ABx DC =, so, ABand DC are parallel.

Fig. 22

1 ] k
Also BCx AD =1|-8 4 2
-8 -4 2

i) —jopk©)
BCx AD =0,s0, BCandAD are parallel.

Hence the given points are the vertices of a parallelogram.

Exercise 8.2

—

Q1 Find a.band a x b

()  a=2i+3j+4k b=i-jtk
i) a-it+j+k b= -51+2j-3k
(i) a--i-j-k b =2i+]

Q.2  Show that the vectors 31 — j + 7k and —6i + 3j + 3k are at right
angle to each other.
Q.3 Find the cosine of the angle between the vectors:

()  a-2i-8j+3k b=4j+3k
i) a-i+2j-k = —i-2k
(i) a—4i+2j-k b=2i+4i-k

Q4 If a=3i+j-k b=2i—j+kand ¢=35i+3k, find
2atb)e.

Q.5  What is the cosine of the angle between PP, and P,P,
If P1(2,1,3), Po(—4, 4, 5), P3(0, 7, 0) and Py(—3, 4, —2)?
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6 I a= [al A ,33] and b= [bl ,bz,bg ]. prove that:
e ou T e s i 2
26 =] w o[ - o |
Q7 Find(a+b)(a-b)if a=i+2 +3kad b=2i—j+k.
.8 Prove that for every pair of vectors a2 and b
(a+b)(a-b)=| a'|2 | 1;:.'|2
2.9  Find=z so that @ and b are perpendicular,
@) a=2i+4j-7k ad b=2i+6 +xk
Gi) a=xi—2j+5k ad b=2i-j+3k
Q.10 If a=2i-3j+4kand b=2j+4k
Find the component or projection of a along b

Co 2.
.11 TUnder what condition does the rel;sﬂ::i-::ln(::'l_l’:l)2 =a b heold

for two vectors a and b |
212 If the vectors 31 +1—k and A 1—4 +4 k are parallel find value of L

Q13 I a=i-2j+k, b=i+2j-4k, c=2i-3]+kEvaluate:

(1) (axb)(axc) i) (axb)x(axc)
Q14 I a=i+3j-Tkand b=5—2j+4k.Find
@ a.b Gy axh

{11y Direction cosinesof ax b
(.15  Prove that for the vectors a and b

(1) |a'x h'|2+‘a'_h"2=‘a"2|hr‘2
) f(a-blz(ax b)l=2(az b)
216 Prowve that for vectors ;,F and c

Ex(b+0))+[px+a)]+[cx(@+b)]=0
.17 Find a vector perpendicular to both the lines, AB and cD

where & 15 (0,2,4), Bis (3,-1,2), Cis (2,0, D and D is (4, 2, 0).
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Q.18

Q.19

Q.20

Q.21

Q.22

Q.1
Q.3

Q.5

Q.11
Q.14

Q.17
Q.19

Q.20

Q.21

Find [(ax b)xc|if a=i-2j-3k, b=2i+j—k,

¢c=1i+3j-2k.
Find the sine of the angle and the unit vector perpendicular to each:
G a=itj+k and  b=2i+3j-k

() a=2i—-j+k  and b=3it4-k

Given a=— 21— jand F:_] + k. if ‘?‘ =12and ¢ is
perpendicular to both aand b , write the component form of <.
Using cross product, find the arca of each triangle whose vertices
have the following co-ordinates:

(1) (0,0, 0),(1, 1, 1),(0, 0, 3)

(i)  (2,0,0),(0,2,0),(0,0,2)

(i)  (1,-1, 1).(2,2,2),(4,-2, 1)

Find the area of parallelogram determined by the vectors

—_—

aand b a=i+2j+3kand b=—3i-2j+k.

Answers 8.2
@3:7i-2j-5k (i) —6,-5i—2i+ 7k (i) -3; —i-2j+k

) _ A i) 0 (i) 17 Q4 37
sJ77 21

> Q7 8 Q4 @ - Q1045
_— a L1 n _— .
722 2
[0, 11] Q12 A= -12 Q.13 ()15 ()i 2j+k
-39 17

() —29 (i) —2i-39 17k (iif) — ) )
J1814 /1814 1814

Ti—j+12k Q.18 5+/26

, 13 —4i+3j+k o [155 —3i+5]+ 11k
(i —— (i) ;
21 J26 156 J155

—41i -8+ 8k

32
2

(i) sq. unit. (ii) 243 sq. unit.

(iii) 1210 sq. unit. Q.22 /180 sq. unit
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Summary

A vector is a quantity which has magnitude as well as direction while
scalar is a quantity which has only magnitude. Vector is denoted as AB or

OP.
1. If P (x, y. z) be a point in space, then the position vector of P

relative to 0 = OP.
2. Unit coordinator vectors x, j, k are taken as unit vector s along axis

OP =xi+vj+zk.

Magnitude of a vector. i.c. \ﬁﬂ = \fxz +y2 +2z2

—_—

&

a
4. Unit vector of a (non-zero vector), then a = ﬂ
a

5. Direction cosines of OP =xi + y] + zk then,

Cosfi= -

COS¥ —
oP

Losy=—
‘OP‘ ‘OP‘
Scalar product:
The scalar product of two vector ‘a and b is defined as

a.b=al b|CosO

1. Ifab =0, vectors are perpendicular.

2. ij=jk=1k=zerowhileii=jj=kk=1

3. a.b =(ai+ay+ak).(bii+baj + bsk) = asb; + ashy + asb;
Vector product:

The vector or cross product of two vectors "a and b denoted

. _ |axb|
a x b andisdefinedas: a xb = a | b |Sin® n, SinB= | ||b|
a
axb
n = ———unit vector.
|axb|
2. axb=0.aand b are parallel or collinear.
3. ixj=jxj=kxk=0andixj=kjxk=1,kxi=]
4 axb=-bxa
5. a X b =(aji+ay+ ak) x (byi + byj +bsk)
1]k
Tt 82 3

b by by
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