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Chapter 6
General Identities

6.1 Introduction:

In the previcus chapters, we have dealt with functions of one
angle. In this chapter we will dizcuss the trigonometrical ratios of the sum
and difference of any two angles in terms of the ratios of these angles
themselves. We will also derives several formulas for this purpose and
point out some of their more elementary uses.

6.2 Distance formula:

LetP(x .y1)and Q(x2 w2 ) be two points . If “d” denotes the
diztance between them, then

d=IPQl= [0, — %) + (v, ~ ¥y’

1.e., sum of the square of the difference of =-coordinates and  ¥-

coordinates and then the square roots.

Examplel: Find distance between the points P( 2,7 ) and Q(-3,4)

Solution: d =1PQ| = 1,*."' (X — Kijz +: V= }H)z

—JB-5)7%+ (4 7)

= /D7 (37

6.3 Fundam ental law of trigonometry
Let o and P be any two angles (real numbers), then
Cos{ - Pl=cosctcosp - sincesinp
“Which 1z called the Fundamental law of trigonometry
Proof: for convenience, let us assume that mfoe
Consider a unit circle with centre at origin O
Letthe terminal side of angles o and p
cut the unit circle at & and B respectively.

Evidently ZAOQE =0 - B Take apoint C

oft the unit circle so that &~ XOC=2 A0OB=o— P
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JomA,Band C,D.

B(cos B.sin B)

Clcos {o-B), sin (o-p)]

Afcos osin o)

X' 0 D(1.0)

Now angle o, Pand o — B are in standard position.
The coordinates of A are (cosa, sina )
The coordinates of B are (cosf, sinf})
The coordinates of C are [cos(a—P), sin(c — B)]
and the coordinates D are (1,0)
Now A AOB and ACOD are congruent.
AB| = [CD)
= |AB*=[CD}
Using the distance formula , we have:
(cos o — cos B)2 + (sin ¢ — sin B)2 = [cos (a—B) — 1]2 + [sin (a0 — B)— O]2
= cos’ @ + COSZB —2cos acos B+ sin® o + sin” B — 2sin « sin P
=cos” (o.— B) +1 — 2 cos (ot - B) + sin” (- P)
= 2-2(cosacosP+sinasinP) =2—2cos(a—f)

Hence,

cos(ao—P) = cosocosPtsinasinfP............... @)
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Note: Although we have proved this law for o > B > 0, it is true for all
values of « and

Suppose we know the values of sin and cos of two angles o and
B, we can find
cos(a — B) using this law as explained in the following example:

Example 1:
Find the value of Cos 15°.
Solution:
Cos 15° = Cos (45° - 30°)
= Cos 45° Cos 30° + Sin 45° Sin 30°

L3 11 B 1 4341
202 22 22 22 22

6.4 Deductions from fundamental law:
(i) Provethat: Cos(—f) =Cosf}

Put o =0 inabove equation (1), then
Cos (0— f)=Cos0Cos f +8in0 Sin f

Cos(—f)=1.Cos f+0.8inp Cos0=1
Cos(—f)=Cos f - Sin0=0

(ii) Prove that : Cos (%— ﬂ] = Sin f8

Putting «= m/2 in equation

Cos(cx— ﬁ) = Cosc Cosfl +Sine Sinf?
T Fis . T,
Cos| ——f3|= Cos— C + Sin— S
os( 5 ﬁ] 0s > osf3 in > ing
=0.Cosf +1.8Sing

COS[%_ﬂJ = Sin f3

—

(ii1) Prove that :  cos(a + ;) = —sin o
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Put 18

S

in equati on

Cos(e— 8)= Cosex Cosf8—Sina: Sinf

o

Cos[{ce— (—E)] =cos &, cos(— ;—T)+sin . sin(— ;)

cos( @ + g) =cosct. 0+ snc (-1

cos( o

+)

— 5in o

(iwv) Prove that

sin(-p) = — sinf

s

Bw (ii1) we have |:c::-s(§L +pB) =—-sinfp

replace B by — P

T
o el

sin b= —sin (=) [by (11]]

sin (—fi)

— sin f

W
{w) Prove that: sin {5 + ) = Cos

we know that

putting

Cos]

|:-‘,:

(s

2

Cos[g— ﬁ}z Sin S

-

il

2

+ ¢ in above equation, we get

(§+t1)] =sin{§‘[‘ a)
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T
= cos(-) = sin (5 + (i)

T
cosc = s1n(5+ [I)

— 7
sm(g-[- [I)= cos &

{(vi) Provethat : cos{c+P) =cos ®cosP — sin cesin P
since cos{ice— P = cos ccos P+ sin Gsin P
replacing p by — P, we get
cos[a—(—B)] = cos cecos (-f) + sin & sing- B
{because cos(-f) =cosp

sin(-f=snp}

cos{@+ ) = cos X cos [ — sin & sinf)

{wi1) Prove that sin(e+ ) = sincecosp + coscsinp
We know that

cos{e+P) =cos cosP —sin cesin P

replace o by g + O, we get
T s ™
cos[(; + ) +p]= cos(; + t:-::lsB—sin(E + Q) sin p

cos[;+ (a + B)] = —sina cosP — cosa sinfs

=

—sinf{c+ Py = — [ sinctcosp + coscainf]

sin{ig+ ) = sincosf + cosg sinf
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(viii) Prove that: sin(o— ) = sina cosp — cosa sinf
We know that
sin{fat + ) = sino cosP + cosa sinf

replacing B by — B, we get
sinfce — B) = sina cos(-f) + cosa sin(-ff)
{because cos(-p) = cosf3,

sin(-PB) = sinf3}

sinfc@— p) = sina cosp — cosa sinp
(ix) Prove that: Sin(g +ﬂ] = —Cos f
Put o = L in
2

Sin(a + f3) = Siner Cosf3 +Cosex Sings

(T . T T

Sin| —+ = Sin— CosfF+Cos— Sin
[2 ﬂj 2 P 2, P

=0.Cosf+0.8Sinf

Sin[%+ﬂj = Cos 8

(x) Prove that: Sin(% — ﬂ] = Cosfs

¥/
Put o =—I1n

2
Sin(a - f3) = Siner Cosf} —Cosar Sinf3
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Sin
Sin

( ﬂ] = Sm— Cosfs — COSESmﬂ

[ - f|= 1.Cosf—-0.Sinf

Sin [g ﬁ] = Cosf
- _ St (g + i)
(xi) tan(a + ) Cosiat B)

_Sin &« Cosff+Cos « Sin

Cosa Cosff—Sin & Sin f#
Divide numerator and denominator by
Cosa Cosfi, we get
Sin & Cosfs +Cos @ Sin 3
Cosa Cos Cosax Cos
i) = 1_S§'1(XCOS/3 .
Cosa Cosfp

tanc +tan 8
1—tan tan 3

tan(x + ) =

1

(xii) Cot(a + ) = m

_ l—-tana tan S8
tana +tan

1

" Cota Cotp
1 1

+
Cota Cotf
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Cota Cots -1
Cota + Cot S

Cot{etHB)=

tana —tan &
1+tanatan 5

t to+1
ey cot(a*—ﬁ):mamﬁ
cotx — cot

(tan Band Cot O are odd functions).

Similarly, tan{x— &)=

Note :
(1) If 9isadded or subtracted from odd multiple of right angle (702, the

trigonometric ratios change into co-ratios and wice-versa
B.g.,
5 m 11 ' 11
Sin{z— #)=cos? ,cos(z— G)=sind , tan (- — &)= cotl

Sin(3E — 8) = - cosf , cosC= — #) = - sinf, tan>x — §) = cotf
() If 9is added or subtracted from an even multiple of nght angle (2},
the tngonometric ratios shall remain the same.
B.g.,

st (71— ) = sinf | cos (M— #) = —cosf, tan (1— &) = —tand

sin( 27— ) = — sind, cos(2n— ) = cosd, tan(2n— ) = —tand

Example 2:
Show that Cos (180°+ 01 =—Coz 0
~olution:
LHS =Cos(180°+8)
=Cosz 180° Cos @ — Zin 1807 5in ©
={—11C0os0 —(0 3in 0
=CosB -0
=—Cos® =RHSZ
Example 3:

: 4 : 12
If Sina = gand 2ins = E netther terminal ray of & nor

Bisin the first quadrant, find Sinf{a+ 83
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Co

Solution:

Because Coscx =41— Sin’a

- (%T JZ

-16 9
25
Since ¢rand /3 does not he in 1 quadrant and Sina and Sin fis

Cose =

positive, therefore «, flies is P quadrant and in pnd quadrant Cos ¢ 1s
negative is

Cosa = —i
5

Then Cosff = -\/1 —Sin?p
" [12}
13

J169 —144 \/ +i
169 169 13

5
w Cosfl = g .+ Blies in 2™ quadrant

Now Sin(a+f)= Sinr Cosf+Cosex Sinf3

Gl

20 36 -20-36 56
65 65 65 65
56
Sin(z + B)=—
(a+ ) o3
Example 4:

Express 45in 6 + 7 Cos 0in the form r Sin (0 + ¢), where the
terminal side of Oand ¢ are in the first quadrant.
Solution: Multiplying and Dividing the expression by

= \/(4)2+(7 2= J16+49 =65
4 SinO+7Cos 0= J_{\/g

Sin®+ —Cos 6}

7
J635
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_ J@{Sin e[%j + Cos 8[%}} - (1)

Since rSin(0+ ¢)= 1(Sin 6 Cos ¢ + Cos 0 Sin ¢) .. (2)

Where 0<g¢< %
Let Cos¢ = 4 and Sing = A then
J65 J65°7
4 Sin 6+ 7 Cos B = /65 [Sine Cosg + CosH Smgﬁ]
- J65 [Sin (0 + ¢)]
Where Cos¢ = 4 and Sing = 4
65 J65
. 7
1.e., tang = —
¢ 4
a7
=lan —
¢ 4
Example S:
Find the value of Sin 75°.
Solution: Sin(75") = Sin (45° +30%)
= Sin 45° Cos 30° + Cos 45° Sin 30°
1B L1 «3 L]
272 22 oz 2
B B+l
242
Example 6:

Sin (e + ). Sin(ez — ) =Cos” B —Cos’«x
Solution: LHS =8Sin(a+ /). Sin(x - f)
- [Sincx Cosfp+Coser Sinﬂ]
[Sjna Cosfp —Coser Smp ]
= Sin“er Cos” 8 —Cos’cx Sin* 8
=(1- cosza) cosZB — cos’at (1- 0032[3)
= Cos” f—Cos’or Cos” f —Cos’cr +Cos cr Cos” 8
= Cos*f8 —Cos’cr
=R.H.S
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Exercise 6.1
Q.1  Findthe value of (i) cos 75" (i) sn 15° (i) sin 1057
(iv) cos 105° (¥)  tan 1057
0.2 Provethat
) sin(180°-8)=:n B (ii) cos( 2707+ 8 =sin B
(i) tan( 120°+8)=tan 8 (v)  sin( 3607 -8 )=—sin @
v)  cot( 360"+ 8 )=cot B ((wi)  tan{ 90° +8)=—cot B
2.3 Show that
(1) sn(x-vicosytcoos(x—ylsiny = sinx
{11} cosiz+y)cosytan(x+y)siny = cosx
(i) cos(A+Blan{A-Bl=snfcosd - sinBcosB
tan{x+y)—tanx sinx

(1v) i

1+tan(x+y)tan x COSY

24 Suppose that & | B and C are the measure of the angles of a
triangle such that & + B+ C =7, prove that

tan A +tan B +tan C =tan A tan B tan O
0.5 Prove that

6) Sin 8+cos & =V2 sin(6 + 7)

(i) V3cosB-sin©=2 cos (8 +30%

1—tan &

i) Tan (457 -4 = TT.

L S cosf—sin &
e
W ) cosf —sin &
tan(a+ ) tan®a— tan® B
cot{ax— 5) 1— tan?a tan®f

cotacotf—1

(wvi) cot(+p) = cot atcotff

... sin(oa+ B)
(i) ————— = tan x+tan p
cos oL cos 3
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0.6

Q7

Q8

Q.9

Q.10

Q.11

Q.12

tan a+tanf _ sin{a+ )

viii = )
L) tan o« —tan sin{a—f)

3am

(iz) tan(x + E)—tan(x— T)=ﬂ

() Cr::-s(;—; + x) —sin (g - ,‘t’):ﬂ

Prove that:
(1) cos{o+ Pcos (-P) = cos” - sinEB
{11} sin{z +v)sinfx — vyl = sin’x - sin® i

-

If Sinc:c=§ and SinB=§ ,both & and P are in the 1%

quadrant find:
{1} sinic - B {i1) cos(ce+[)

If cos b= and cosB = . & and B be acute angles |, find

o
<

L | =t

the value of: 1) and +B) {11) cos(h —B)

3 13 , o ;
I tana= . and sec p=— andneither ccnor P isin the 17
pu

quaderant , find  sinf{cc+B)

sin o COS o

Prove that F = zin 5o
sec 4ol cosec 4o

nsinccosac

Ftan p = ., prove that tan (- Pi=(1-n)tan o

1-nsin“o

If o, P andware the angle of tnangle ABC | then prove that
(1) sin (+p) =sinvy (i)cos (t+P)=-sin vy

(111) tan (c+ Py +tan =10



Applied Math 12 Generd Jdenfifics

3 13
.12 (I cos 05=;, cosB=E . then prove that 05—|3=6E]D,

where the terminal rays of Gand parein 1% gquadrants.

GDIE If tan o=~ and tan p= i SRR g0,

where the terminal rays of cand parein e quadrants.
.14 Ezxpress the following in the form of  tosin (8 + ¢ , where the

terminal rays of Qisin the g fquadrants. Be sure to specify ¢

{1} 4sin 8+ 3cosd (i) 3 siné + 7 cosé
i) SsnB-4cesd fiv) sinS+cosd
Answers 6.1
Lo V3 -1 ) V3 -1 V341
el © S5 W S5 ) S5
_ 1—43 V3 +1
(1) Nz () 1B
_ 16 ) 33
QT ® — i
V24 + 43 1 +642
8 1 B iy
Q8 O () ——
33
Q.9 =

Q4 @) Ssin(8+4), ¢=tan_le)

(i) 10 sin (8 + 4 ¢=tan_1(£)
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