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Chapter 3
Binomial Theorem

3.1 Introduction:

An algebraic expression containing two terms is called a binomial
expression, Bi means two and nom means term. Thus the general type of
a binomial is a+b,x—2,3x +4 etc. The expression of a binomial
raised to a small positive power can be solved by ordinary multiplication ,
but for large power the actual multiplication is laborious and for fractional
power actual multiplication is not possible. By means of binomial
theorem, this work reduced to a shorter form. This theorem was first
established by Sir Isaac Newton.

3.2 Factorial of a Positive Integer:

If n is a positive integer, then the factorial of ‘»” denoted by n! or
|7 and is defined as the product of n +ve integers fromnto 1 (or 1ton)

ie, nl=nn-1)n-2).....3.2.1
For example,

41=4321=24
and 6!=654321=720
one important relationship concerning factorials is that

(n+1D!'=mn+1)n! (1
for instance,

51=543.2.1

=5(4.3.2.1)

5t=354
Obviously, 1! =1 and this permits to define from equation (1)

s (n+1)!

n+l1
Substitute 0 for n, we obtain
g M1
0+1 1 1

0l=1
3.3 Combination:

Each of the groups or selections which can be made out of a given
number of things by taking some or all of them at a time is called
combination.

In combination the order in which things occur is not considered
e.g.; combination of a, b, ¢ taken two at a time are ab, bc, ca.
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n n
The numbers ( J or Cy
r

The numbers of the combination of n different objects taken 't ata

n n
time 1s denoted by [ J or Cr and is defined as,
r

n B n!
[rj_ rt (n-r)!

-8 (4) 4'(6 4)!
6 X5 x4 6 X5

= ——/—— === = 15
4! x 2! 2 X1

7
Example 1: Expand (3)

Solution. ( ) —3'(7 D
7654

3.2.1.4!
=35
This can also be expand as

( ) T.5.5
7)|=—"=35
3 32.1

If we want to expand (;) , then
(7) 76543
s/ 54321

Procedure: Expand the above number as the lower number and the lower
number expand till 1.
Method 2

n

Jwe can apply the method:
r

For expansion of [

a. Ifris less than (n —r) then take r factors in the numerator from n to
downward and r factors in the denominator ending to 1.
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b. Ifn —ris less than r, then take (n — r) factors in the numerator from
n to downward and take (n — r) factors in the denominator ending

to 1. For example, to expand (7)again, here 7 — 5 = 2 is less than
5

5, so take two factors in numerator and two in the denominator as,

7)- T o
5] 21
Some Important Results

! nt
(n) :0'(11 0)! - 1 xn! -
_ _n! . nt
(i) ( ) n'(n n)  alxo!  nlx1

o OH

For example

(4) = (4) =1las = .8
0 4 ol(4-0yt 4t 0!

1=1
(§)= (;}) —% = 3!4.!1! - 1:.}!3!
4. 3! 4. 3!
311 1l 3!

4 =4
n n . .
Note: The numbers [ J or Cp are also called binomial co-efficients
5

3.4 The Binomial Theorem:

The rule or formula for expansion of (a + b)", where n is
any positive integral power , is called binomial theorem .
For any positive integral n

(a+b)"=(a+ () a™ b+ (3) a2+ (3)a" b3 ... ..

S 669 [ - LAY (43 . LOS— (1)
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1

or briefly, (a + b)" = Z C.:)

a?’l—?" bT‘

=0
Remarks:- The coeflicients of the successive terms are
n n n n n
(o) @)} ———()-—-=()
and are called Binomial coefficients.

Note :

Sum of binomial coefficients is

Another form of the Binomial theorem:

n

2H

(a+b) =a"+ - avlb + ——— LWt R T amSRS L d
n(n - n-2)------ ) P 5
& bt

Note: Since,

n) n!

r) r!(n—r)!

n\y n! _ont
So, (0) T o(n-0)  1xn!l

L n! _ n(n- 1! n

1 Un-1)! -1 1

ny n! _nn-2)! _ nn-1)

2) 2in-2)! 2Yn-2)! 2!

nj_ n! _ n(n-1)n-2)n-3)! nn-1)n-2)

3)  3Yn-3) 3!(n - 3)! 3!

nh nn-1n-2).....(n-r+ 1)n-1)!

r r!(n-r)!

_nmn-1)n-2)..(n-r+1)
r!
ny n! _ n! B n! _ g
(n)_ n(n—n) nal x0  nlx1

n(n - 1) a™2p2 + n(n - l)fﬂ =2) a3 4
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The following points can be observed in the expansion of (a + b)"
There are (n + 1) terms in the expansion.
The 1" term is a" and (n + 1)th term or the last term is b"
The exponent of “a’ decreases from n to zero.
The exponent of ‘b’ increases from zero to n.
The sum of the exponents of a and b in any term is equal to index n.
The co-efficients of the term equidistant from the beginning and end

n n
of the expansion are equal as ( ] = ( J
r n

O [ R

3.5 General Term:

n
The term ( J a" 'b' in the expansion of binomial theorem is
r

called the General term or (r + 1)th term. It is denoted by T, ;. Hence

n
Tosi= [ J al Tt
r

Note: The General term is used to find out the specified term or
the required co-efficient of the term in the binomial expansion

Example 2: Expand (x + y)4 by binomial theorem:
Solution:

4-2 2 (4 4

(X+y)4zx4+(fl)x4'ly+(g)x yo o+ 3)x4'3y3+y
4x3 4x3x2
:X4+4X3 +_X2 2+— 3+ 4
Y 2x1 Y 3X2X1>§y Y

— X4+ 4X3y+ 6X2y2 4 4Xy3 +y4
6
Example 3: Expand by binomial theorem [a - lj

Solution:

o- l]= 2+ (0) 2o —ﬂ+(g) aﬁ-z[_g+(g) [_lj+
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6x5x4x3 2( 1] 6x5x4x3x2 ( 1]5 ( 1

a a
4x3x2x1 a’ Sx4x3x2x1 a’ a’
15 6 1
=a’-6a" +15a" -20+ - —+ —
a a a

2 4
Example 4: Expand (X? - EJ
X

Solution:

53 (5] (0 -

2
Coxt (x2Y 2) 4.3(xY( 4
= 44| = ||+ = ||+
16 2 X 102 X
4.3.2(%* 8 16
— e o +_
3.2.11 2 x i
8 8 4 2
= X——4.}‘—3+6.X—.iz—4X—.ﬁ3+§
16 8 x 4 x 2 X X
= _g_XS 6 2_E+£
1 x x'

Example 3: Expand (1.04)5 by the binomial formula and find its value
to two decimal places.

Solution:
(1.04)° =(1+0.04)°

1+0047 - (1Y +[f](1)“(0.04)+@](1)” (0.04) +@
(1) (0.04) +[2J(1)“ (0.04)" +(0.04y

= 1. +0.2 +0.016 + 0.00064 + 0.000128
+0.000 000 1024
= 1.22

2

12
Example 6: Find the eighth term in the expansion of (2}(2 —LJ
=
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12
Solution: (ZX2 = iz]
X

The General term 1s, T,¢1= (nja“""br
T

Here Tg=? a=2x> b=—iz, n=12, r=7 ,
x

_ 12 S\12-7 1 7
Therefore , Ty = (7 ](2); ) (__ZJ

X

12.11.10.9.8.7.6 s (1)
Ty = (2e) 2
7.6.5.4.3.2.1 X
Ty = 793 X32X10%
X
25 344
Tg = - =
X
. 25344
Eighth term =T = - :
X

3.6 Middle Term in the Expansion (a + b)"

In the expansion of (a + b)", there are (n + 1) terms.
Casel:

If n is even then (n + 1) will be odd. so (% + 1Jth term will be

the only one middle term in the expension .
For example, if n = 8 (even), number of terms will be 9 (odd),

therefore, (% + lj = 5" will be middle term.

Case II:
If n is odd then (n + 1) will be even, in this case there will not be a

single middle term, but (HTHJth and (n il

+ ljth term will be the two

middle terms in the expension.

: : 9+1
For example, for n = 9 (odd), number of terms is 10 i.e. (TJ

Jr
th and (%+1Jth ie. 5" and 6™ terms are taken as middle terms and

these middle terms are found by using the formula for the general term.



Applied Math 69 Binomial Theorem

14
2
Example 7: Find the middle term of {1 —%J ;

Solution:
We have n = 14, then number of terms is 15.

(%HJ i.e. 8" will be middle term.

a=1,b=—"" n=14, r=7, Tg=7?

n
e [P
T

(1) -7 x27_14! 17x14
T = | =) =3t

_14.13.12.11.10.9.8. 7! (-1) 14

T .
; 76543217 128
1 14
T =- (DA ) (3) —.
8 (2) (13)( )()()128X
429
L =—gp &

Example 8 : Find the coefficient of x in (21(3 - 3x)9.
Solution:

Here, a = 2x°, b= 3x, n=9

First we find r.

. n
Since Tr+1 = a" b’
9 9-1
= (2)(3) (—3){)r
r
9
> 29 -T (_3)1" X27 -3r .Xr
r
_ 9 9-r1 r _27-2r
=27 (3) T (1)
r
But we require Xlg, S0 put
19=27 - 2r
2r =8

r=4
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Putting the value of r in equation (1)

T4 o= (9J 29-4 (_3)4 X19

T
_9.8.7.6.5 5 o4
4.3.2.1
=630x32x81 x°
ik = 1632960 x*°

Hence the coefficient of x*7 is 1632960

Example 9: Find the term independent of x in the expansion of

9
2xz+l 5
X

Solution:
Let T; 1 1 be the term independent of x.

WehaveaZZXZ,b:l,n:9

X
0 9.-r g
o (e - (el
T T X
o 19. 29-r. X18-2r xT
Py =2 fz“. X3 (1)

Since T+ 1s the term independent of x i.e. x°.
. power of x must be zero.

1. 18-3r=0 =>r=6

put in (1)

9 19
T =| |22 x0=_2_ 1
1 [6J Y P

ig 8% 76!
_ 8.1-
63 2 1 672
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Exercise 3.1
IL, Expand the following by the binomial formula.

4 5 4
(i) {x + %] (ii) (% - %J (i) {%_%J
X

vi) (-x + vy !

2. Compute to two decimal places of decimal by use of binomial
formula.
G (1.02)" Gy  (0.98)° Giiy  (2.03)
3. Find the value of
i ) -y () VD) -2
4. Expanding the following in ascending powers of x
@ (1-x+x3)! Gi) (2+x-x*
5. Find

10
3
1 the 5" term in the expansion of 2}{2 ——
p
X

15
(i1) the 6™ term in the expansion of (XZ + %J

12
2
(1)  the 8™ term in the expansion of [\/X + —J

N

9
4 5
(iv)  the 7" term in the expansion of (?X __J

2x
6. Find the middle term of the following expansions
1 10 5 B 11 1 7
i) | 3x% +— i) [ ——— iif) | 2x+—
O I - I E
7. Find the specified term in the expansion of

10
3
(1) (2){2 — —] : term involving x°
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10.

1. (i)

(ii)

(1i1)

10
1
(ii) 2x? - 2—] : term involving x°
X
1Y
(ii1) 3+ —) ; term involving x°
X
x 4
(iv) E — —] : term involving x°
X
2 12
(V) % + 6q2 J : term involving q®

Find the coefficient of

10
(1) x° in the expansion of [2){2 —3)
X

16
1
(i)  x*in the expansion of (2}{2 + 2—]
X

10
|
(iii)  x inthe expansion of (2}(2 —3—j
%

10
2

(iv)  b®in the expansion of [a? +2b2J
Find the constant term in the expansion of

1 9 1 10
@) (xz o (i) (\/;+—2j

X 3x
Find the term independent of x in the expansion of the following

12 9
(i) [2 2_1 (ii) [2x2+l)
X X

Answers 3.1

x4+4x2+6+iz+i4

X X
32 5 40 ;5 20 15 135 243
— K R G = — g ——
243 27 3 X 8 32
x4 X3 6}{2 ox 16

6 vy y ¥y oy
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(v)  32x° — 80x'v +80x’v* - 40x7y + 10xy" - v

4
X
(v)  128a7 — 448a°x + 672a%x? — 560ax> +280— —
a
5 6 &
84— + 14—~ —
a a a
8 6 2 2 2 4 6 8
(vi) %—8%+ 28%— 56;‘7+70—56 =428 -8+ 2

(vii) x* -4X3y'1 + 6x2y'2 -4xy'3 + y’4

2. (@) L14 (i) 0.88 (i) 34.47
(i) 2x° +20x°y” + 10xy” (i) 2x* +24x% + 8

4. () 1-4x +10x%-16x> +19x* —16x° + 10x% — 4x7 +x°
(ii) 16 + 32x — 8x% — 40x> +x* +20x° — 2x5 — 4x” +x8
) g .. 3003 55 5 ... 101376 _ 10500
5. (1) 1088640x (i) —x"y (111) (iv) -
32 x
61.5 5.6
6. HIOIEES gy LD JFb Gii) 222 4560 x
2592 3888 X

7. () -1959552x° (i) —252x° (i) 35x°  (iv) -112x°

880
) Tpmqs

8. (i) -1959552 (ii) 46590  (iii) 33.185 (iv) ga“‘

9. i) 8 G 3
10. (@) 7920 (ii)672

3.7 Binomial Series
Since by the Binomial formula for positive integer n, we have

(a s b)l’l — al'l+ E'al‘lflb o n(n - ]') an—2b2 e n(n B ]')(n B 2) an-3b3 4

puta =1 and b = x, then the above form becomes:

(1+X)n =1+ £X+ n(n_—l)X2 +
1! 2!

if n is —ve integer or a fractional number (-ve or +ve), then



	1 (1)
	1 (2)
	1 (3)
	1 (4)
	1 (5)
	1 (6)
	1 (7)
	1 (8)
	1 (9)
	1 (10)
	1 (11)
	1 (12)

