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Chapter #2 : ' ~ Derivatives

- Exercise 2.1

Q.1: Differentiate w.r.t x ab-initio.
1 %
3 . “e

ik X L L — i, —=
, x° Jx

iv. x3 v x4 . Vi. X

Q.2: Find the derivative from first principle. -

2
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Answers 2.1 = 2 A
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@t i 3%’ T e gl e
, | - x ZX'A
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3x7° ‘ 4x74 Ee
R 3x* -3 i = ii 3(X+4');§
- : ; 24/x+9 -3
2.4 Fundamental Rules for Differentiation :
Rule 1:
Derivative of x" (power rule)
fet y=%x

y+6y=(x+ 6x)"

Sy =(x+8x)"—x" =x“(1—;’ rax"
n | é_)s,n
=x[(1+x) -1J

: 2 3
alyiyle e () otoo T (Y, B

Pl =2k, x
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T 2 : 3 :
8x n(n-1)(dx 'ngn-_-lzgn-2z(6x) }
SRR — — e
dy=x [nx+ o1 (x)+ s + .........
ﬂ_x“&x{l n(n -1)8x }
3R ot e 3 gl
Lim 8y , Lim [_1_+nn-1 dx :l
x—0 0Ox o x—0 nx AR S
d =
aﬁ = x“[ni OE0, s ]
gf = nx™!
d
Ey = (x") =n x!
Note : if n is positive , we use Binomial theorem.
- Examples 2:
ioy=x' i ymy ~ Find gf
Solution: '
T Ty
% i X7 =
i. y =X G :
dy 3 %-1 3 "% s
dx 4" = P
Rule 2: : :
The differential coefficient of any constant is zero.
Let 'y=c '
y+dy=c :
ytdy—yrc-—o
Sy =0

5 g
Lim-5§=0 — a:f=0
x—0
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Rule 3:
Product of constant and function.
Let y = o 4
Where c is a constant and v is a function of x.
y+dy=c(v+dv)
Sy =c(v+dv) —cv-
dy=cv+cdv) —cv
dy=cdv
&y ov
5% Bx
Lim % = Lim ( C_gx,[)
x—0 x—0
dy _ dv
. dx " idx
Example 3:
Loy dy.
s .If y=3x", find e
Solution:
: y= 3% . ;
d d o e
TEcoh esBatd . . 32n, s &
Rule 4 : - Differential coefficient of a sum.

_ The differential coefficient of the sum of a set of functions of x is the
sum of the differential coefficients of the several functions.

Let  y=usveEws ... &

Which are all finite in number and function of x, therefore, y is also

function of x.

Let the increments of u, v, W........... and y be respectively.

y+8y=(1‘1+6'u)+(v+8v)+(w+6w)........-...-...

dy=08u+dv+ow+.......

by _du  Bv  bw
" . B 5x
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le%j‘Lim %+ Lim%‘+ le%—w
0x—0 6x—0 - ox—0 8x—0
dy du dv dw
Hence - R dx dx =+ i e e

Example 4: "=
£yt iais ﬂndgf

Solution:
: y=x3+x2+_2x+3
g—lzl ?i (x3+x2+2x+3)
—dn(x r a2t L)
= 3x%+2x+2
Rule 5 (Chain rule):

Differentiation of a function of function or composite functions:

When y is a function of u and u is further a function of x. then y is also
function of x and called function of function or composite function. The -
derivative of y w.r.t. x is product of derivative of y w.r.t. u and the derivative -
of u w.r.t. x. (ThlS 1s sometimes called the chain rule of differentiation)

_X __X du
Since  y= f(u) and u = g(x), then dx ~du dx

Proof:

Let 8x, 6u and Oy be the increments of x, u and y then

by - ov eu
ox 0h By

In the limiting case as 8x —0 also u 2o :
Sy oy du

lim —= lim — . lim —
5x—0 8X BSu—09Uu 6x—0 &X
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Example 5:
. el
If y=(x*+3x+9) Find 5
Solution: ’
Let u=3x"+2x+9
Then e
s
E‘E =
also u=3x*+2x+9
% =6x +2
Using Chain rule
o dy_dy
dx du * dx
= 7u® (6x +2)
&y =703x* + 2x + 9)® (6x-+2)
Rule 6: :

‘Generalization of Power rule

Lt -y = [{X)]

Put u =fx) b0 st
And g= @ o,
By chain rule gii = gﬁ %
= W™ ()
gxz = n[f(x)]“" f7(x)

f .
L5

Find the derivative of (ax + b)"

n-1
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- Solution: ' ' '
Let y=(ax+b)’

y + 8y = [a(x + Ox) + b]n

~ (a(x + 5%) + b]" =[(ax+b) +a x]"

= = adx Y
-(ax+'b) (1 > ax+b)

yesy-y=Grof{l + 28] oy

o -]y -

5 2
adx +n(n-l)( adx )
Tt B 21\ apEb) T
v . : . 2 '

s ek n(n-l)(‘aax) }
8y '(a"+b){.”ax+b+ AR

 Divide both sides by 5x and taking limit.

o @ : ; : a n(n-1) _a%¥x
Lim %=le '(ax+b)n[ n(ax+b)+ (12‘! )(ax+b)2+ ..... ]

- =(ax+ b)n[l +n

dx—0 dx—0
dv- > n |: na }
dx =(ax +b) axﬂ-b_+0+ ......
% = nfax-+_ b)'a
Note : if n is positive , we use binomial theorem.

OR
y=(ax +b)"

Apply the generalization of power rule. s

% = (ax + b)™" ’d% (ax +b)
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Y - @+ @+ 0) |
=g +b)™
‘Example 7:"
' dy
_ x*+1 find A
Solution:
ooy ey

% =.g. (x2'+ 1)1/2

(x +ps (x +1)

'=5(x +1)”22x

X
Nk

Il

. Rule 7: . :
The Differential Coefficient of the Product of Two Functions:

The product of two derivable functions is itself derivable and its
derivative equal to (first function. derivative of second function) + (Second
function. derivative. of first function)

~ Let  y=uv

Where u, v are two derivable function of x.

Let 6u, dv, Oy be the increments in u, v and y respectively
corresponding to the increment 8x in x. We have

y + 8y = (u+8u)( v+ v)

' =uv+udv+véu+du dv
y + 8y - y=uv+udv +udu + du. év —uv
Oy =u.bv + v.6u + du. v

B e o
When 8x — 0. Then also 6u—>0 '
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T ot =i [ By iy 5"}
550 9% sxpl OXx - & UOX

d )

'axx—u Lim 55—+v Lim 'gg'+ Lim 5u.%

dx—0 x—0 ox—0.

dy _dv - du

dx B dx Ve dx

O

(uv) u. chigy e dx

of more than two f‘}mctions.
Let y= uvw ;
dy _ Ay

Then dx—uv dx + uw. dx+vw'dx‘ .

. Find the derwatwes L (x* +2)(x* +3)
Solution: =

Here u=x2+2‘ and v=x+3. Then y=uv

Pt T o A
dx—Zx dx—3x
dy_ dv . du
T

=x2+2)(3xH) + (X’ + 3) (2x)
=3x*+ 6x* + 2x" + 6x

=5x*+ 6x% + 6x

Rule 9:
The differemial Coefficient of a Quotient of Two Function:
Let y = E

Where u, v are two derivable functlon of x also v is not zero for all
values under consideration.
‘u+oéu
v+ dv

Then y+oy=
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L u+ou u :
YA By e VoV v
5 + v.du-—u.du
2 Y= (v +6v)
= 8u e
oY % Yopy
ox. v(v Sv)
. When éx — 0 also ov — 0:
Jou v
Lim 2L < | T8
6x—0 ax—0 “—“—vi—
: du dv

X v
du dv
- Haggr ey
N
Example 9:
dy
= If find <
Solution:
dy (I1+x)75 (X) X'—(l +X)
dx . ' (1 +x)*
Sl Exibexl
-
Cltx—x
s (hrx)
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1 ;g Find the derivatives of the following:

i X +4x+9 ii. x 2 $x1241
~ Solution: :

I y=ﬁ+4x+9'

d
Ei dx(x +4X+9)

d
QS Z () +4 —(x) )

_.‘E_ 3
dx-—_3xl +4+0

ii. Let ymx = %]

g i _Findg;‘f atx=2  When y= \/uz—Z and u = 4\[)_(

d
il. if y=yax+2bx+c Finda-;f

 Solution:

i y=‘\/uz—2 5 u=4\/;
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dy 1 = g o
a3 W2y , 3 =43x
dy s > e g
du u‘-2 s e

" Using chain rule '
dy _dy du
dx ~du dx
ool e
u“ -2 \/;
Ll I
16x -2 \Jx
- 8
I6x — 2
at x=2
(QX)= a8
dx/ \[32-2 /30
ii. Let u=ax’+2bx+c
y=\u , u = al+2bx+c
d 1
o a‘%=§(u)‘m - $= 2ax +2b
- 1
24fu
' Using chain rule :
dy _dy du
dx ~dy Tdx

5 ax+b
\ax” +2bx + ¢
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Summary
1. (1) —d—(xn) =nx™", for all constant values of n (i) -—c-[-(x) =1
dx dx
d S
2. —(c¢) =0, where c is any constant.
dx _
i -Ei;--(u+v—'w+.,.) = au +_d_v_§1v_+m
axh dx dx dx
d du d = | oledu
4. iy —(cu)=c— - iy —E=)=——
()dx( ) dx ' (? dx'(c)ﬂcdx
S5 --(-i—(a)(~1~.b)H =na (ax + b)"™", for all constant values of n.
dxs = 4 :
7 n. : n-1 dv . -
6. —(v) ' =nv' —, where v is a function of x.
dx e : '
7 —c—i—(uv) =u i - v-él-l—
dx: - dx
du —ugj—
- ( 3] Lo &
dx\ v =
9 dy = g_d_u , y being a function of u, u béing function of x.
dx. . dudx = & :
5 =k S .
10. == , y being a function of x.

dx  dx/dy _ :
In above results u, v, w, y are functions of x whereas a, b, ¢ and n are
constants. S

 Exercise 2.2
Q.1 Differentiate the following w.r.t.x.

: % 3 : '
i 7% 15 =5k ax ) xie g iii. 2x° +4x*-5x+8
v, 3xbhx=t %% & + f}z = % vi. l'xf’/2 % ‘1'x3f2
: X o x - = 3
e gt il X Ao (X3 —1)
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Q2 Differentiate w.r.t.x _
T8 gl eRhd el il R+3x+9)? i (ax + bx9P

iv. 3\_[:4‘4-9:.('-4-8 Ve x1+b | vi. "'\f;l-—xi
vil, et owi (T sz extP ik (1 2x)P
X (2x> + 4x 2 5)°
. Q3 Find the derivative w.r.t.x | :

i @eRENGR+D) iL (@ +b)ex? +d) i, x\X+1

v, @=1Px+2) v @+ 1) (x"5+ 1) i (@a+x)\a-x
wil (5 xé)(x3 —x DVl & - 1) ex+ 1)

ix x+3HRx+ 3T+ 1)

Q.4. Differentiate w.r.t.x. -

: X = e R | X2
Nl b o U R

i FrEx- B a+x gei(] a+x
v. V. Vi. X
I'=x a-x a=x
i \x X : 4
vil. - \/x_+_1 ~ viii. "W X%~ (_;:T)
3 : : :
: §x2 + 1;
=y E
Q.5 Find dy/dx at the given point if:

(1) y=xm at x =8 (i'i)‘y=8x—3x2 at x =.2

(i) y = x*-x*+2 at x =-1 (iv) y=x +2x7" atx =2
Answers 2.2
Q.1 = ' :

G  49%° (i) 3-3x-21%° (i) 6x*+8x—-5 .

, 1 % e e
) Bx-=x ————t—  (vi) =X/2 +—x"2
( ) 2 (V) xz x3 x4 ( )2 2

e iose L

e 3¢ 2
vii 2x + 2/X (viil) > /2 . (x) = X P
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07

Q3

Q4

Q.5:

e %X
(1)- \/x2+‘1l

(i) - B@x® +by") ! @apx ™'+ bax'")

(ii) Z (x*+ 3x+9)s (3x+9)

o

i

(iv) % (x*+9x+8) (2x+9)

ol : _
() - W (vi) m

4 .
(vii) 243‘—){3—1)— ‘ il U2k k)
W = 0 241 (26 +4-5)

Nl-—=x

| 3x+2
: 3 I 'e 9 Sean 3
(i) 6x(10x” +4x +7) .(11) 2x(2acx” + bc +ad) (iii) W

20% + 5 +2x=1)

) G-17x+2'7x+2) O

b 0
(vi) - 2o foy e et 0Nk oy . 3 (viii) 3x?
2va— X o 2o =
(ix) 8x*+27x*+22x+9
: 1—x%° = -X(x + 2) L 2x
- Gixp v (x2 +2x+2)° iz (1+x%)?
1 At
(iv) 73 (v)
: \/1+X(1—X)/“ ('a-—x)\/a2~x2.
e o
(vi) (Vi) ——————— (Vi) ———
('a-i-x)yz'(a—x)% 2\/;(x+1)%2 T +x2)% :
o el L S e
(%) x-1)’ T R

G- 13 G —4 (i) -2 (@v) 12
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