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Chapter 12

* Laplace Transformation

12.1 Introduction:

We now present a systematic and elegant procedure that is widely used
in circuit analysis and in the study of feedback and control. The theory takes
its form from a symbolic method developed by the English engineer Oliver
Heaviside. The modern approach to this method is based on the Laplace
transformation. It enables one to solve many problems without going to the
trouble of finding the general solution and then evaluating the arbitrary
constants. The procedure can be extended to systems of equations to partial
differential equations of electrical network and mechanical oscillations and to
integral equations and it often yields results more readily than other

techniques.
12.2 Laplace transformation:

The basis of this method is the transformation defined by

fO=F@= [ fO UL F)}errrornnen M

The function F(s) is the Laplace transform of f(t), and the operator L.
that transforms f'(t) into F(s) is the Laplace transform operator. The functional
relation expressed between F(s) and f(t) is written in the form F(s) = L {/(t)}.
It should be emphasized that equation (1) describes the action of L, not
only on f(t) but on any function to which L can be applied Thus.

e} oo}

L{Ue}= [ Ue ™, LIVO}=[ Ve "dandsoon

| Let f(t)=1whent>0,Findf(s) (Laplace transform)
Solution: Since f(t)=1

& =L ioy= [ 10t
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| fE)_=L{f(tj}=J Le™dt.
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Letf(t)=t whent>0, Find L{f(t)}

PR Since f=t

/6 =L {f(} = J’ f(0) ¢ dt

PREYE, = ¢}
As) =L {f(t)} = J t.e
 Integration by parts
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The Laplace Transform

Let ft)=¢™ Whent>0 and a is constant, Find L{f(t)}

‘S.olut'ion Since f(H)=e"’
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£ =L (v} = [ 70 .

L{e*} = J e ™ eMdt= J e Mg

e*(s—a).t

—(s—a)|0

1: =
== e el
= :

S=8 ; v

12;3 : Properﬁgs_ of Laplace Transformation :

Linearity :

~1] -

L. L{cfy= J c;f(t)e's‘dt

=c ? f®e*tdt
L {cft)} =cL f(t)}

2. Li{of(t)+Bg®}= J {af(t) +B g(t) ™ dt)

.—_<!_ aj(t)eﬂdt‘*‘t[ B g(t) e* dt

[ee]

= Df o f (e dt +B A‘ g(t) e™ dt |

L{af()+Bg)=aLf(t)+BLg(t)
* Which shows that the operator L is linear.

Laplace transform of derivatives :
o0

. Lirel= [ et
: Integrating.by parts
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Q

NSOl +s [ et roa

= [e""f(e) =€’ F(0)] +s LS (1)
: —f(0) +s L'(f(t)
L[/ (t)] =s L f(t) - f(0)
4.  LIf"@®]=sL[f'®]-0)
=s [s Lf(t)] - f(0)] - £(0)
LIf" (9] =s"L [f(t)] - s f(0) - £(0)
5. LIE"@®]=sL[f' ®]-sf ©0)-f"(0)
= s[s L f(t) — f(0)] —s £ (0) — £ "(0)
=5 L f{t) - s> f(0) —s ' (0) - £ "(0)
_ Repetition of this process gives.
LI (©)] = s™L £(t) - s™ £0) - s™2 £;(0).... — 5 f m2(0) = £n1(0)
Where, f; (0)=£"(0),......., fn-1 (0)=f ™" (0)

Example 4:
e Find L (t")
Solution:  Let f{(t)=1t" = fl0)=0
fit)=nt"" = fi(0)=0

f®)=n(n-Dt"2 = £2(0) =0

i @®=0@=2)....... 2t = £o1(0)=0
L@O=f"®=n@-1)(n-2)...... 2.1=n!

~ By property 4 . :

L {f"(®)} =S"Lf(t) - S"" f0)- S fi(0) - .......f.1 (0)
L{n !} =S"L(® '
n!L{1}=S"L ")

n!(%)=S“L(t")
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L(t") = ;'%!rr

Find L ()

Solution: Method ~ I

Since

Since

Method = i

_ Let_

* Example 6:

n!
L") = |
L(t") =31 -—§: _

fity=t, then f(0)=0
(=3¢, f0)=0

fr@®)=6t, £"0)=0

£ (t)=6 2

By the formula (property - 5)

LE™ (t) = s° L f{t) — s> f(0) — s £(0) - £(0)
L{6} =5’ L f(t) - s%(0) —s (0)= 0

6L {1} =s’ Lf(t)

6 e) = 8> L(f1))

LE) ==
gt

(i) FindL[sinwt] (i) L[ cos wt]

Solution: Method -1

Since by example 2

4
aty
L(e")= .
Puta=iw ;
oty 1
L(_e = S - iw

; S S + iw
L ( cos @t + i sin of) = Sl S+io =
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L ( cos wt)+iL(Sir_1wt)= Szimz ef Szt-ni-ojz

Comparing the real and imaginary parts we get

: S
(i) L [ cos wt] = g : (Real part)
a8 LI si.n wt 1= m - (lmgginary part)
Method -2: (i) Find L[sin ot]
Here, f{(t)=sinwt, - f(0)=sin0=0
f't) =wcoswt , f'0)=w cos0=o

Since ,

(ii)

Since ,

.f "(t) =-w” sin ot
LIf” (1] = S’L [f(1)] - S §0) - £'(0)
L [-w’sinwt] =S’ L [sinot] -0 - o
-@*L[sinwt] -S*L[sinot] =- o
(S*+ @) L [sinot] = |
L[ sin ot] = Er%az .

Find L[ cos wt]

Here, f(t)=cos wt, f(0)=cos 0 =1
f'(t)=-wsinot, f(0)=-wsin0=0
£"(t) = — o* cos wt & .
L[f" (0] = S’L [1D] - S (0) - £(0)
L[f"()] = S* L[ cos wt] - S £(0) - £(0)
L[-0’ cos wt] =S$* L cos ot] =S — 0

(S + w?) L [cos ot] =S

S
L [cos wt] = Tt

Propc’rty 6: Laplace transform of the derivative of order n :

Let f(t) be continuous function for t > 0, then the Laplace transforms of

nth order derivative is
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L{t f()} = a1 n[L{f(t)}
'.-froof:

o0

Since f(_s).=L{f(t)}= b[ = ﬂt).dt

Differentiating w.r.t. s 7
% s)J= Df wdee s 1001
S)L(— 1) J t.e . f(t)dt

na e (tfv)

On differentiating once again

(- 1)—7 [/(s) te“f(t)( )
(- 1) [/(s):' = (- 1)Df t? c;s'f(t)dt-

(P ;gz [fIS)J =L f(t)}
Similarly :
cr &) =1 e

Letf(t)=t"forallt>0 , find L {t"}
Solution: :

[t £ e

L {t'f(t} =1)" gsn_ [f(S)] =(-1)" 4@ [L{f®)}]
Here , f(t) =1 |
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d" 1 1
L{t".1} = (=1)" dSH s LyEg

- cir S

=
12.4 Inverse Laplace Transforms:

The operation by which we recover f(t) from L{f(t)} = F(s) is
called inverse Laplace Transform and is denoted by £

Thus if L{f(t)} =F (s) '

Then f(t) = L' [F(s)]

Table of Laplace Transforms and Inverse Laplace Transforms

1 1 e
1 1 ls Is 1
; ' 1 | e :
2 ik /2 /2 t
: % e il i
3 t ‘ T ST >
ct ,l_ ,____1___ ct
4 s S C S-€ -
5‘ ; -ct 1 | —t
e e S+ € .
; o ‘ ® S
6 sin wt 5 ot L | sin wt
7 t‘ S S : —
coS ® - e it Cos ®
8 te =ct 1 : 1 : ; “te —ct
: : kS C)2 (S+ ,C)z
n-1 _-ct
; t e l .]- o tn-l e-cl
@D SR S+OF @= 1)t
nis+ve :
10 —cly g : ‘ S S Ct
e “(l-ct) _(S—+é? W (1 —ct)




253

Chapter #12 ' ' =% The Laplace Transform
2 : o G e S 2
. Find L™ [f (s)] of —_(s gt g G E D
Solution: : _

= S _ T e & - b : : )
Ll{(s—a)(s-b)}_l‘ [a—b {S;a 's—b}] (bypanla! fraction) .

B SR

i :
a_b(acm—bcb‘)

Note:

Sy g
-1 . aat
¥ (S-a) i
1
= G
E ( s b) =e
‘ _ ~ Exercise 12
1. Find the Laplace transforms of the following functions.
five> 4 iy oAb Git) -t
(v) at @ gt i) e
2 Find the Laplace transforms of the following functions.
(i  3t+4 (i) t+at+b (i) cos3t
(v} sindt . -~ i) acos 2t (vi) sint. cost
3 Show that Laplace transforms of
L{f@}=S/"(s) +2/6)
4. Prove that
. 7 L at . t _,__S_-.._...a—
(1) . _{e cos.w}_(s—a)2+a)2

(i) L {e"sinot}= -(;—_;)E)ZT;E

s Renf=0sinet Find L)

6. Find inverse Laplace transforms of the following.
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Q.lL:

0o _

Q.5:

Q.6:

Chapter #12 . The Laplace T fansﬁofm
. g 9
W s=3 - () s2 + 25 @) T35
i 15 : 1 - : 1
™) G+ 0 e @ ry Ve 1)(s—2)
- 1
(vt (s+a)(s+b)
Answers :
. 4 e 3 ren 2!
i) (i1) it g 5
= .2 g =
(iv) =z ‘ v) . 5 2 (vi) o
: s 4 2 a b S
@ - gtg R e e @) = 732
e 4 - &S
@ e 9 o () S5
20
s! + mz
.. %" - 6b §sin 5t (i) 3= 3™

(iv) “1-€¢" (v) l-cost  (vi) -:-[e“-— e?t]
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