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Chapter 11
Fourier Series

11.1 Introduction:

It was J.B. Fourier who used such expansions in different types of
problems. A specific infinite tngonometrlc series used by him was of the
form.

o0
5+ b (a.-‘cosnx+'bn sin nx)
=l

As trigonometric functions used in this series are periodic, therefore
this series is a periodic function of period 2.

This series is of fundamental importance in the study of physxcal
systems subjected to periodic disturbances. It has waste applications in the
present scientific age. For example, the voltage impressed on an electrical
circuit might consist of a series of pulses or the disturbing influence acting on -
mechanical system might be a force of constant magnitude whose direction is
periodically and instantaneously reversed. This theory is also applicable in
many types of engineering problems. Its most important application is in the
analysis of the behavior of physical systems subjected to periodic
disturbances.

‘Before going to Fourier Series, some important terms are being
explained. ;

11.2 Periodic Function:
: If we add or substract a constant from the argument of a function, it
-remains with no change or we say f(x) = f(x £ A) V x
Here A is called period of the function. Per:od of sin x and cos X is
same, which is 2.
11.3 Even Functions:
If for a function Ax)
SEx)=1(x)

Then f(x) is called an even function.
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For example, o= x’
e )
And for f(x) = cos x ‘
f(=x)=cos (—x) =cos X = flx)
~ Therefore both x* and cos x are even functlons of x
114 Odd Function:
. If for a function f£(x)
S =-f(x) :
Then f _(x) is called an odd function, for example
Jx)= %
JE)=(=x)==x"=Ax)
And forf(x) =sinx
 f(=x) = sin (=x) = —sin x = —f(x)
Therefore both x> and sin x are odd functions of x
11.5 Fourier Functidn: : |
A trigonometric series of the form
)

3 Sa0+Z (a,.cos nx + by, sin nx)
N

Is called Fourier .serles.

Suppose f (x) is a function which can be expressed in the infinite
trigonometric series, then :

-
f(x) = ao+z ‘(ap cos nx + b, sin nx)
n=1

Here.ao, a, and b,; are Fourier coefficients of f(x). Now, if f{x) is
integrable in the internal [- 7, ]. Then Fourier coefficients are defined as

-‘-II'-'

{ 109 dx
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Il

A -

b1
f f(x)cosnx dx -
-7

a3 =

ff(x)sinnxdx

‘Now we discuss these coefficients for even and odd functions ;

For even function :

{ (x)dx~—ff(x) dx

1
T

Fll—-

for f (x) cos n x dx

as f(x) is an cven function and cos nx is also an even function.
Therefore, f(x) cos n x being product of two even functions is also an even
ﬂmctlon :

: 2 '
Hence By =2 J f(x) cos nx dx

% .
-andforb,,-fl- f’f(x)sinnxdx
n -7

Here f(x) sin nx, being product of an even and an odd function, is odd
Therefore b, =0 (by definition)
For Odd function :

al—

T
f f(x)dx=0 (by déﬁnition)
-7t :

li
Fl |

for f f(x)cosnxdx
=T = e

as f(x) cos n x is an odd function, being product of an odd and an even
function. :

Therefore

"a,=0 ' (by definition)
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n
bn='1‘ ff(x)sinn_xdx
fie 27

= % J f(x)\sinnxdx

Because f{x) sin nx is an even function, being the product of both odd
- functions. : :

. Now if we define the périodic function f{x) in the interval [0, 2], then
the coefficient of the Fourier series are given by
: 1 2n
20=7 [ () dx
2n

an=-7—”[ f(x)cosnxdx

1 2n
and b,,='1'”!‘ f(x) sinn x dx
11.6 Extended Rule of Integration by parts:

This rulé is often used in solving the integral in the problems of
Fourier Series. This rule of by parts is applied successively a number of times,
~ until we get a standard form of the integrand.

If f and g are two functions, extended rule will be applied in the
following form [fg dx =/fgi - g2 +/ & ... + 1"/ g + (1" [/ gadx

Where £, ", f, .....are first, second, third derivatives and so on, and
are first, second, third integrals and so on.

Determine the Fourier series for the following functions.

. = , —WSXST

LG A B
Solution (i):

For the interval -t <x <=
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We know that x* is an even functlon therefore b, = 0 and a,, a, will be
“calculated as,

S 2
a0 fo

2 o
an=;[!‘ f(x) cosnxdx=;l! x* cos n x dx
Here we use extended rule of integration by parts
. . n
. 3[ gsinnx (—--cos nx] § 2(—sm nx){ n]
T n n’ n
We know thatsin0=0and sint=0

Therefore a,= % [_21:( ."O_SZI’_’E) +2(0) ( cosnn 0) :I

4 4
= Cqsnn+0=;: (-_1)‘

because forn=1,2,3........... n, =>cosng=-1,1 -1......=(-1)°
Fourier series for the function is given by
= =75 a ag+ Za,cosnx+b,sinnx.
1
1202 S 4 : :
=Tt 21:[;2 =n" cosnx+(0)smnx]
: %,i 4-9 1y cos n x
1
_1‘!__2_+4( cosx+cos2x cos3x J
— 3 - 12 e 22 — 33 ............

Solutlon (ii):
No we solve f(x)=x"for 0<x <2

2n

: 1 |x°
ao——ff(x)dx——f Mde=— |3
0
1{21:!
oy 3
2n

1 :
a,=—J x*cosnxdx
T
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Applying extended rule of integration by parts

: . -
2 || ,sinnx (—.cos nx) (—sin nx) :
= i o )
a, n:[ R 2X P _ = |

0

 Heresin2n=sin0=0

Th%erefore an =.H—~2(2 ) ( ﬂn%gzj} {_2(0) (COS O)H

1[ 41rcos2mt:|
4
e

cos.2n7w
n
a2
b, =— J x*sinnxdx
T

1l

4 =
=7 because forn=1,2,3,...= cos 2n n=1

Applying extended rule of intcgrati(;n by parts. :
‘,1 - . L
i =_n[x2( cos nx) x )( sin nxj iy [cosnx (cosnx)}
0

=1 [ x 2( cosZnn) 2cos 2nfc:| 1 [Zc:os 0}
e g ol

+

—41 2 2

—4n
n no'n o'n n

Now Fourier Series for the given function in the given interval is

3 (v 0] 2 :
2=%'8“§n“2‘+?(% COS nx - %t- sin nx)'

4n? cosnx 4mn .
% +42 THERT smnx
o
Eiample 2: Find the Fourier Series.
f(x)=_ 10, —n<x<0

L 0. <x<m

-
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Solution:
As f(x) is a periodic function of period 2, therefore its Fourier series is

=
2a0+2(ancosnx+bnsmnx)
1
So here we evaluate ag, a, and b,

:1|'-*

_f{f@mlﬂg f@) dx
0 1 14

S ©@dx+—=[ (1)dx

-1 nD

1
al—

S b ol -
aO_O'!'nlx.io"n(ﬂ'—O)—_l

0 m :
J 0cosnx+—[ lcosnxdx
— _ e

n_

1
T

sinn X Lo e
- = —[sinnm =sin 0]
g g han

0.+l[+
s
- Lro-0=0
=0l %
] 0 1 1Y :

— [ (O)sinnxdx+— [ 1sinnxdx
TE_E no :

n

L [er-1]= e e

~Fourier series becomes

1 0 n 1 :
=0+_[_9_SH_XJ ool
0 nm

f(x)= +E[Ocosnx+—{( l)““+1}smnx]
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= +l[25mx+2sm 3x  2sin 5 ' :l
=t 3 5
= +£[sinx+sin 3x , sin5x ]
_2 n 1 3 S llllllllllllllll

Obtain the Fourier Series for e* in [ -, 7]
Solution:
Here a,, a, and b, will be evaluated.

TI:

y 1
X e G P o ﬂ_ -
_!e dx—n (e"-e™)

:ll—'

1
-1: n

:al'-'

n
f *cos n x dx
ﬂ

Let I;=fe*cosnxdx=/ cosnx exdx
Let cos nx = 1* function and ¢* = 2™ function

Now we apply integration by parts

I =cosnxfe"—f(iCOS nx fe*dx) dx
=cosnxe'— f(—n)smnxe dx
= cosnxe +n[sinnxfe" dx - f(-—-sinnx fe* dx)tix]

- =cosnxe*+n[sinnxe*~ [ncosnx e’ dx]
I =cosnxe*+nsinnxe —-n’l;
I, +n*I;=(cosnx +nsinn x)
_.11(1+n2)=(cosnx+néinnx)e”
x
L, = m(cosnx-#nsinnx)
X : : T

1 e SRS
s 2 m(cosm.c+nsmnx)

-7 :
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ssinnx =0
. e :
[-mz; cosnnmcos( mr)] { forx=mor-n -

s TR ST

(-1)°

(1 +n°)

l‘[exSinm_ud.x
T

-

4

Let I, = ,[sin nx. e dx
Applying integration by parts by taking -

Ist function = sin nx and second functions = et
I =sinn‘xJ'e"dx-f&sinnxfexdx)dx
= sin nx e* - fn. oS N X e*dx
= sin nxe"-n[cos nx f[exdx- [ (‘f—xcos nx [ exdx)dx] :

I =sinnx e —n[cosnxe - [ -n sin n x ex dx]

. X .
=sinnx e*—~ncosnx e —n2f51nnxe"dx]

I, =sinnxe*-ncosnxe*-n’l
L+n*h =sinnxe*~ncosnxe*
o :

I (]+ )(smnx n Cos N X)

1 | ex- ; g m
ba = |72 (sin nx — n cos nx) =
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iy { oo }
a0 [~cosn n]—']j_';z [wcos(—pr:)

1i . net
A Eerefiper]
n(-1 -y
_(_)Tl+n [—e +e ]
Now Fourier Series

iy L :
S(x)= 5 80t p ( an cos nx + by sin nx) becomes

f(x)-"'(e —e'")+2[a‘1—+)'nr(e e")cosnx+'—‘l—;)n—)l( e+e"‘)sinnx ]

=-L(e“—e'“) = e

: o 7 ( cos nx — n sin nx)
2n m 1I n

-—(e £ -u){ +E-L—)1 ( cos nx — nsmnx)}

Example 4: Find the Fourier Series for

: -1, - n<x<0
Jo=y: 0, x=0
1 0<x<mn

0 ; m
Solution: ao=£__“f (—'l)c_lx+0+i J (1) dx
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- (—o-n)+ﬁ(n~0)=—1+1='o

1
T

0 e n
1 1
a.,=n_;!‘ -1.cosnxdx+0+ﬂ J 1. cos nx dx

T

‘0 1 |sin nx
+¢-

- T
-1 0+l 0)=0
=——(0)+ (0)=

sin nx
n

1
T n 0

0 : n
1 :
Now b,.=; f (—1)sinnxdx+0+%l{ Isinnx dx

i 0 n:
o 'cos nx 1 l cos nx
0T 0 e ey sy

. 1
. [1-cos (-nm)] + nm (= cosnm + cos 0)

Coé(-mt) = COs N7
ke T
s LV e b
_l. n.__...2_. : n+1
Iy om0 =50 L P
So Fourier series becomes.

f(x)= ‘;‘ (0) +'12[0 cos nx + i {1+ D)™} sin nx]

5
=0+E,—'[2+2(—1)"“]sinnx

, ort
_ 4 (sinx  sin3x  sin X )
sk ] 3 TR

Find the Fourier series for



Chaﬁter #11 Fourier Series

f(x)=sinx , ~-T<X<™W
Solution: _
We know that sin x is an odd function and its coefficient -
for Fourier 'serigs will be ap = a, = 0 and

by, will be evaluated
s

. n ..
b,.=l ff(x)sinnxdx = Jsin_xsinnxdx
= ;

[

ale

T ; - T :
J-sinxsinnxdx=-—; { — 2 sin x sin nx dx

Al

. : : :
;—i! [cqs(1.+n)x-—cos(1‘—.‘n)x]dx 5

~ 1[sin((1+n))x' sin(]—n)xr .

“RL 0D @-n

For all values of n except n=1
, s.osin0=0andsinmt=0
Forn=1
T

2 o e
b; o J s1n2xdx=£ [[ (1-cos 2 x) dx

So this series becomes

2 1 2 oC z ; oC :
f(x)=5(0)+ Z(O cos nx + 1 sin'nx) =2 Sinnx -

s : =
=Sinx - SHmIx+ SN+ T

Exercisé 11

Q.1: Expand the following functions in Fourier Series.
: @ fx)=x -T<XST
(i)  f(x)=x.sinx ~fSXST

i o=, —n<x<m
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Q.2: Expand the following
1, @<x<n
) f(x)
: il T <x<2n
r_ 2
: "f, -n<x<0
@) = F, O0<xsm
: : .
0, =-m<x<0 :
i) fe=|1, 0<x<} Period 2
{8 S<ucn

i) 1 +zE —(—L

Expand the following functions in the Fourier Series.

Qa3 |
' =g —mcdan
. Jite ]
Also deduce that s I 3t G + ':]1+ ...........
~ Q4:  Expandf(x)=x +x in Fourier Series in-n <x <m0
2 oC
T 1
Also deduce that ° iTe" 21: Py
o RS Obtain Fourier Series for f(x) = cos ax, -n<x<m.
. Also deduce that cot am="" ( Z ] Here a is not an integer
Q.6:  Obtain Fourier Series for fix) = Z . O<x=<n
' ; : . ¢ sinx sin3x sinSx
Also prove that: P & g
- Answers 11
: (sinx ~sin2x sin3x ;
QL W) 2{ %o e - } .

COS nx
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enx,,, e -2a% 1 - (—1'):1. :
(111) R e 3% +n? (2a co; nx — n sin nx)}

i 3 .2[sinx sin3x :
Qe @ 3-4EE. Tk, 1 |

(ii) : sirla X +-sin;3:_c + sii3§x + .... |
(i) % o i :coi X, sin1 X co?5 3x sin33:.c - ]
femme, ]
Q'I3: £ _%_% (cq::x 0 co:zsx coss:’»x s _)

nguctionforiao,f(x)=0' = isnﬁz-:,q.glﬂ
| e Rl p
Q4: f(x)=x+x’==-3- +2;!(-1)“cosnx+;(-l)“ sin nx

Deduction; Putx=n
N
o ?E

-hi'él

_sinax +°°Z 2(~1)™ a sin an cos nx
n (@?—n?).

Q-S.: f(X) = cot ax

Deduction: Putx=m

1

ot 1(1 °°z 20, ]
cotam=""|"-4& 77

o ln-a

Lo
oq Sinnx

N

Q6 fx)=

ml:l
Ll MB '

.00

7 E smnx
; 1

: sin 3x  sin 5x
=sinXx + 3 +-5. |

‘r‘l

Deduction:

Bla M.l::n
.h
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