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Chapter_# 1 : _ Functions and Limits
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1.13. Some Important Limits:

1.13.1 Prove that

n n
Sl g e
Lim = na""!
X-a

x —0

Proof: |
h 3 2 . 0 5 :
If we substitute x = a, the function is of the form 0 and is not defined.

Let x =a -+ h and limit h teads to zero.

Ml gf _(a+h)n_an
x-a (ath)-a

Using binomial expansion

n(n_—l) n-2 h2+ : n

a”+na"'h+ o7 & h -a
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na"' h +E(?‘2+}2a"2h2+ ................
n=1 .
nh{ a™! + e o S }
= h
n-1 -1 n-2
= Ny a -t 21 A “ht....
Lim x"-a" Lim . 1 }
x—0 X-2a x—»On{ 27 Fiasons
=qla 00 }
Lim xieale - oo
. , x—0 X-a 5l
- 1.13.2 Prove that:
2 sind
Bllmo—g“ =1, where 6 is in radian.
—

Proof: . :
Let r be the radius of a circle with center at 0 such that m. £ AOB = 6.
Where 6-is in radian

Draw the tangent at A. Produce OB such that
- It meets the tangent at T. Also Join A and B as shown.

From the figure, in right angled trlangle OAT.
AT
OA —tan 6 | e

=0 AT=0Atan0 OA=r
AT=rtan6 ' '

' ‘ : : b
Also Area of triangle OAB = 5 I"sin ) Fig.1.1

; 1
Area of sector OAB =5 r'o

- 1 ek S
Area of triangle OAT = 5 OAx AT= > r’ tan 0 :
Now from the figure it is obvious that

Area of A AOB < Area of sector AOB < Area of A QAT

1

1 1
~ sm0<7r 6<2r tan 0

—
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"SinB <0 <tan @
Dividing the inequality by sin 6.

1
sin 0 o cos @

"l =

in 0
Or I>%>cosﬂ

When 6 — 0, cos 6 — 1
Lim Sin®
> g
9—0 ©
Lim Sin6 5
1.11.3 Prove that:
iaft (1 +%) =e=2.7185

11—00

Hence ,

Solution: :
Expand using binomial series

.Now

n—eoo

When n —o all =

n—oo

= . ‘l N
o [1 *Hj oD =%

n—oo

5
Lim 1y Lim 2 X
(1+n) _n—rco[2+"!( lhn)-'-
é 2
n

Lim (1+%) =2-+-'1_l'i"i et %55

| - (By using Sandwitch theorem )

Il
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Example 1: Evaluate the following limits
. Lim 1-cos6 .. Lim sinpx ceri TRRC
ks x—0 06 "'_ x—0 gx i xlilr;l;}z tan x
e Lim Va :
v, e (1 3x) >
Solution:i : :
Lim 1-cos@ ' . Lim 1-cos® . 1+cos
x—0 6 0—0 ©° X 1+cos0
‘ < Lim 1-cos?® Lim  sin’#
~ 0-08%(1+cos®) 90 0°(1 + cosb)
2 lel-em(’? g :l
2 0—0L 0° * 1+cosh
. [ Lim sinOT[ Lim s
= 8—0 ¢ 6 —0 1+ cosf
2 Sl
- MRl
i Lim sin px
: : x—0 ¢gx
Solution:
sinpx sinpx p
gx px 'q
Lim sinpx p- Lim sin px
x—0 gx 4 x—0 px
= 2 = E
q q
; sec x
iii Lim
x- 7n/2 tanx
Solution:
: sec x : L cosx : !
Lim = L eemmee = Lim
x— fif2 tanx  xo 72 st v xSl SIEX
1 1
= s e ]
sin /2 o |
T )”"
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Solution:
;Iflm (gt S s 00 o [(1+3x |
: :
put 3x=;,asx—»0,n—+oo ;
n
Lim [(l 2 )lf3x] = le [(1 +%) I=°J
_ Exercise 1.3 :
- Q.1: Evaluate the following limits.
: . sin76 = __sin’x
(i) Lim (ii) Lim : 3
o P 0 g x=0 X
. tan ;
Lim L2 (iv) Lim ta0.pa :
x—=0 X g—0 q
. 1-cos® . . 1=cos2
(v) « Lim C : (vi) le—%—l
8-50 0 sin 6 ox=0 X
i : : 1-sinx
(vii)  Lim =0 (vii) Lim —
x=0 sin“x . X— 0 cos“x
; 1-cos pb : -y
(x) Lim ——= (x) L ont
8— 0 1—cosqb 6-0  sin’0
. Lim tanx-Finx e ... Lim cosecx - cotx
old x—0 X : o x—=0 . X
Q.2:  Evaluate the following limits: % .
: Lim 1 : meppl ( : l)"
(1). P8 (1+x) (i1). Y 1 ==
Lim (_x )" ; Lim ( _2_)"
(iii). e ("——1 Yl (iv). s 1+x
le 1/x
0 o (be2n)
Q.3: Evaluate the fgllowing limits. :
i : . (1+h)2 -1 i) L XxZ-1 iy Lim x B -3l
i T @ i G iii s
h —0 B PN xR o
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2 e’
; 3 - 3 o
3: 5 = —2a
Q3 i > il 5 -
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