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Q.12: (i) Show that eex_ll

is an odd function of x.
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(ii) show that  x. 3 is an Even function of x

: T : . Xty
Q.13: If f(x) = log == prove that f(x) + f(y) = f
X

1+xy
Answers
e 2
Gilys: 1y o E Q4 a=-2,b=-6
2 | +4x° -
Q.11 (i) Neither (i) Odd (ili) Even  (iv) Odd -
| - LIMITS

1.7 Introduction:
The concept of limit of a function is one of the fundamental ideas that

distinguishés calculus from algebra and trigonometry. The concept of limit is
the foundation of almost all the mathematical analysis. A good understandmg
of limit will help to explain many theories of calculus.
1.8 Value and Limit of a Function: : 3

There are two ways of studying a function. One is to find the value of
-y, the dependent variable for various values of x, the independent variable by
actual substitution in the functional relation between the two variables.
Another method to study the behavior of the dependent variable in -the
neighborhood of various values of the independent variable. The former
method is finding the value of the function and the later method, which gives
us more detailed information about the function than the former, is finding the
Alimit of the function. ,
1.8.1 Limit of a Variable: (x 2a)

If a variable 'x' approaches a constant ‘a' such that the absolute value

of the difference x - a becomes’less than '€', any +ve number, hoWever small,

then "a' is called the limit of x and is symbolically written as x > a

and read as “x approachesa” or “xtendstoa”.

~ For Example: =

1 1 1

Suppose that x has the values a+ 75 ,a+ 77 5.y 81 0
She ! I 5

Since the values 10 ’,.I_E)j’ e ]0R 0 whenn — o

Hence x — a
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1.8.2 x approaches to «c or — «© . .
If a variable go on increasing and the vaiucs are greater than any real

number, however large, then we say that x — oc. Similarly when the values
taken by x becomes smaller and smaller and are less than every negative
- number, then we say that x — —

1.8.3 Limit of a Function:
If a function f(x) is defined for all values of X in some interval and if x

approaches a given number 'a’ in that interval then f(x) may approaches some
definitc number 'C' which is called the limit of f(x) as x — a and is
symbolically written as:
: Lim f(x) =
X —a - :
i.e. when x is very near to 'a' then f(x) is very near to £.
1.9 Thcorem on Limits of functions:
- Let f{x) and g (x) are function and k be a real number, then

1; Constant . Lim k=k
X—a : ‘
2 Sum rule Lim [fix) + g(x)]J=Lim f(x) + Lim g(x)
. X—a X—a X—a
3 Difference rule Lim [f(x)—g(x)] = Lim f(x)- Lim g(x)
X—a X-—a Xx—a
4. Product rule Lim [ f(x) g(x)]= Lim f(x) Lim g(x)
; : X—a X—a X—a
o Constant multiple rule Lim kg(x) =k Lim g(x)
X—»a X—a
Lim f(x)
i f(x) x—a s
6. Quotient rule i, _r::l g(x) Lim g(x)° where g(x)=0
X—a ]
7. Power rule It n is integer then Lim [f( x) = (Lim f(x))
Xx—a X—a

1.10 Evaluation of hmxt of a function:
For evaluation of the limits of algebraic functions, there are two most
imporiant methods (a) direction method (b) indirect method ‘
(a)  Direct Method: F0
In cases, where values of the function does not assume any
indeterminate form by putting the value of x directly to which it tends,
in the function. The limit of the function is obtained.
Nete : The indeterminate values of the function are of the form
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0 o A : :
S 0
O’OO,O,oo,oo—oo,Om,lw,oo 500 X0

‘Example 1: Evaluate Lin;(xz_ +2x) (Direct Method)

Solution:  Since the limit is not indeterminate form for x = 3, so put
directly Lim(x? +7x) 32+2(3) ‘9+6=15Ans

— x—3
(b) Indirect method:
Suppose as x —a, the given limit is of the form 0/0 i.e.,

A mdetermmate
Then we use the followmg methods
(1)  Factorization (2) Substitution (3) Rationalization
(1)  Factorization method : '
1* Step: Make factors of numerator and denominator.
20 Step: Cancel the common factor x — a (called disturbin g factor)
from numerator and denominator.
3" Step: Put x = a in the remaining function which is the required limit
of the function.
Example 2: Evaluate Lim jx <
x=l - oy y
24x — 0
Solution:  Given Lim - is of ( = form) forx = 1.
2 =l ¥ % 0 ;

Factorizing the numerator and denominator we get

2 i ;
LimX +x -2 . Limg' D(x +2)
Al ey x—1 x=1

(2)  Substitution Method(h- method): .
Sometimes it becomes difficult to make the factors, then apply
substitution, as

1* Step: Putx = a + h in the given function.

2" Step: ~ AsX—>a_ h -0 andsimplify.
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3"“Step: . Cancel h (the disturbing factor) from numerator and
. denominator.
4 Step: Put h = 0 in the reduced function which gives the required
limit.

‘Example 3'25 Evaluate le—-——4xL9
X3 L XS ~x 6

Solution:  Given limit is of indeterminate form % forx =3

P.ut x=3+h, whenx >3, h—0
Limx3—4x2+9 (3+h) —4(3+h)*+9
=23 x2-x—6 h—>0 (3+h) -(3+h)-6
e h® +9h(3 + h)—4(9 + 6h+h?) +9

h—0 9+6h+h>~3-h-6

. 27+h+27h +9h°> =36~ 24h —4h® +9
= Lim -

h—0 : h” +5h

S YR8k i 3h
=L1m——-—-2-—-———

h—0 h“%5h

2

= Lim b '+5h+3),cancclh

h—0 < hilr+§)=: -

h?+5h+3 0+0+3

=13 - 1 =
h}»ng h+5 0+5 Ruiting Q)

= 3Ans
5

(3). Method of Rationalization:

In the case of irrational functions, if limit of f(x) is of the form -g- 1.e.,

indeterminate, proceed as under:

1¥ Step: Rationalize the numerator or denominator as the case may be.

2™ Step: Cancel the common factor (disturbing factor) from numerator
and denominator e, x—a if x—>a

3" Step: Put x = a in the reduced function, which is the requnred value

of the given limit.
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Example 4: Evaluate the limits:

Lim \2+x - \2

(1) (i) Lim
x —0 X x—0 X
BRSSO R T
Solution:(i) Given limit Lim 3:7;"3& is of (—g— form) for x = 0.
x—0 - :

Rationalize the

é 2EX =2 :
o J::E_JC:: L
x—0 %

x—0

numerator.
\/2+x—\[§ \/2-!-x+\f§_
A8V A Tyt

AT o S

Lim

1

B RLVZ X 0%

1

= Lim

x—0. \/2+ X

: \/2+x +\/_ 1
Lim Ans
x—0 - X 2\/5 :

J=x-J1+x 0

+J_ \/2+0+x/_

Solution.(u) Given Lim

;— form forx =0
0

x—=0 _X
Rationalize the numerator
\II— \/ i JISx =J1+x \/1 X +1+x
‘—'0 x>0 X \/1 X +1+x
e 1=x=1-x
x-+0x(J1—x+Jl+x)
= -2X
x—*Ox(\/l X +41+x)
-2
= Lim
x>0 /1 X ++/1+x
JI=0+J1+0° 1+1 2
ol =x=All+x .
I;Lng : = —1 Ans
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1.11 Limit when x tends to infinity
Consider a function f(x) defined for large positive (or negative) value
of x as increases indefinitely in the positive (or negative) direction. If the
value of f(x) approaches a number ‘b’ then the limit of f(x) as x increases (or
decreases) indefinitely is equal to b, denoted as
: Lim f(x)=b or Lim ((x)=b

. X —+0o0 X — —C
Note : - Lim 1 6 kim LT Sl
X—r+0 X Xx—-x X x—x X

1.12 Evaluation of Limit when x tends to = :

3 00
When x —ooand the limit takes the form —., we can use two
: o0
methods. :
Method - I:
; Divide numerator and denominator by the highest power of x
Method - II: :

I ;
Put x =§ , then whenx —» o0,y — 0
Example 5: 2‘
& 2 . . +
Method - I : Find s e

X320 ox Eox- |

Divide numerator and Denominator by highest power of x i.e., x>

< N
Pt
: x e
=Lim: -~ F=me 1
X—w 3% ;"‘E
Lim [2_§+—1J
i X iX ok 5 d=0+0 2
= ool (3 §+_71J—3+0-—0-_3 b
o e
- Method - II:
' I
Putx =-
Y
When X — o, y—0

So,
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-3

27 - 3x+7 e

Lim BT Lim 3

X—® y—=0 S +=.1
' ¥ oy
_Lim 2- 3y+7)*
Tyl 3+ -y
S O O i
EETTT RS o
Example 6:
' Evaluate Li e
u ~ihim o
X—»0 2+ 1
Solution:
We first divide numerator and denommtor by x and get
' 1
- All=
Lim X2 L i B
x—0 =¥ 5 X—% 24 :l;
Lim 1 _—I-, e
X—»0 X" v1-0 ] ;
= e == =i ANSs
Lim ] 2+0 <
x—o0 |2+ 2
: Exerclse 1.2
Q.1: Evaluate the followmg limits
. 5 X e et il T 3
0 Lim (x> -3x+5) Gid B —— (i) AL i
x—l G N iy
5 . e . 4X+5 Eoe - Sy
) LimNZh— %% - (v) -Lim (vi) Lim s
x—3 X X X ____)0

Q.2: Evaluate the following limit
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X —0

Chapter # 1
5 1+x -1 4#;-—2 :
G Lime—— (i) Lim 3;
x—0 : . x —0 :
X h
Gl e )~ Lim=e
x —0 \'4+K e 2 h —0
(1-h)*-1 : =y :
Bl Ty e iy lim =l == =1
7 b h h—- olh \Wi-h
Q.3: Evaluate the following limits,
b L1m 7 (ii) Lim x-93
e =1 A2 3 e
; X+7 -3 X — va
(vi)  Lim 3——_— (1v) Lim ——
Ty X =2 Xx— a =
Q.4:  Evaluate the following Ilmlts :
. X*-16 ' : -1
() “Lig —— (i) Lim —
x4 X™4 . By T
e 7
-1 : XS XD
(iti) Lim "z—1 (iv) Lim At
X —1 X —2 ;
¥ _3X+2 : Lim x> «5x+6
o xLl—n:() x2—4x+4 sl wsd. ol
2
Xt=—x—12
i) Lim ————
,(V“) X— —3 X2+4x+3
Q.5:  Calculate the following limits.
= x> +8x%+6 =¥ e Lim 2x3-3>;+7
- xLir:; L e T U s bR 1o
 Lim 3x%-5x+1 e LIm xi.+1
e e Y S8 ity 2% = X
Lim X -1 : Lim
). %:T_] i o AL -x)
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£ Answers
Q.l: i 3 ik et Jilie. e i Civ. 4
e Vi o :
: : ¥ S ' : B
0L _71 3 il | 1/4 - iii. 4 iv. S
: ; 1 :
\ -2 vi -
2
Q3 i - . 1 1 . 1
< e ‘_ ii 2 i = iv o
- ‘ 3
Q4: i o 2 iii ; iv 3
}: ¢ I > 7
v 5 vi - vii 2
5 : s bl o
Q5 -1 3 .- g iil. iv. Zero v. 3 Vi

1.13. Some Important Limits:

1.13.1 Prove that

n n
Sl g e
Lim = na""!
X-a

x —0

Proof: |
h 3 2 . 0 5 :
If we substitute x = a, the function is of the form 0 and is not defined.

Let x =a -+ h and limit h teads to zero.

Ml gf _(a+h)n_an
x-a (ath)-a

Using binomial expansion

n(n_—l) n-2 h2+ : n

a”+na"'h+ o7 & h -a
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